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Number Property of a Union . 
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S$ and-T are as follows: . 


es x a > : e 


+ Chapter 6 | - 3 - 


ADDY TON, AND MULTIPLICATION ° 


Y 
: In Chapter 4; was infroduced the’cconcept'of an operation, An. - 


Lee areal to each member of a set a unique element of a second 


Sues Here, it was ‘pointed out, ute example, that the number property 


of a set is an operation. In this case, a member of the first set is 
a set, and a amember of the second set is’a number, Essentially then if 
P is a set whose members are sets, and W js the set of whole numbers, 


the mechantes in this operation may “be illustrated as follows: 


i” P= W@,), of, (a, d), (Lérie, Peggy, Rosie}, te iy dy aly Oly vale] 
We se 1; de Datel : . a : . < 
Operations were: ateimea on’ two sets of: ‘sets. Then, we were a 


considering - wet ets, say, 5S and T as we “have. Delow. Each member. 


of 5 is a-set nd each member of T is aset. A pair of sets,’ one 


“from S$ -and sane from T, is agsigned a unique elemént. The unique 


element may be a set whose elements are members of the initial sets 


baa 


- as in the case of the union or intersection; the uniqye element may be 


- &@ Set.whose elements are compositions as in the case of the product sete 


This Is what we mean when we say that a thpsd set is ‘created from two 


given Sets. = 


1s “A is one of the gees! belonging to, say, S,. and’ B is one 
of the sets belonging to T, ; the set operation may assign a unique 
element C to the combination of A ants B. To ‘illustrate, suppose 


‘ 
. ad 


ie) 


3 
i 


(\{Harry, Karla, Pat, Charles), {e, g, >), {m, 2, r,-v), aa 


‘If. A= (Lorie, Peggy, Rosie} and B = {m, e, r, vj, then A- 


is one of the sets oY * S and B is one of the sets of T. By the : : 
* . ‘ . a fac . 7 2 . 
ar ‘ 
vo. ~~ " : re 
v Ed 
ag”, a 
tg ¥ 7 ar ry 
» bd $ ere 


site yee te eee ee 


tha, 5 2 Rosie}, {@,7, f, ahephieatt), see) t. 


sce me nema ee tenet one na ee nnn omiaa natin aanaamNanmtnmimmmammminamain SSNS SSS SHA gm AS re 


“operBtion of union,.a set - N = a , " 


. 


_ .C = thorie, Peggy, Rosie, 1 m, e, 7, on 


*. 


. 


rae C as signed to the. combination denoted as AUB. 


Our immediate purpose is to tie such set spereuions ‘to operations es o. 
with numbers. Let us examine first, the number properties of sets and . ; 
= - direir union. To illustrate, the union and the wuniber. properties may be: : 
= a ~ . . es . ee a 
. : . ; % a x a 
“(Lorie, Peggy, Rosie} Ulm, e, r, ¥) = (Lorie, Rosie, Pegey,, m, e, x v). 


é . he aaa: : 
~ . é > 


35 4 ee < 7 [s. oe 


‘Gonaider a secdnd mabpre: 

. a (2, AB} Ule,y, Ff, elephant) = (a, 8,7, ‘f, elephant} 4 , eo 

: oY 2 3 a : 
— 2 ho a) 


> 4 . - = . = . 
e From the nunder properties. indivated in the First instance, Wee ° —_ Ly 
‘\ may recognize the familiar 3, 4, a coubination as one of the com 6 38 
binations in addition whereas, the combination 2, 4,5 ‘is not so ae 
recognized, Tt should: be clear that this is because we have a union oo 
2 of disjoint, sets in the former and that the sets are not Qisjoint : ‘ : 


in the-latter. Yo visualize this, We may. entlose all the members 7 e F 
e of a particular set within some boundary, as for example,  - ; 


o ms _ —_ ve ye es . 
‘ ‘ ia aa — ; 


_ 


2 


> 


-* . : < ts ‘ 
Observy the overtapping ef G and He The clement common to both G ” , 
ant H is a. ee We oe at this time is that ‘the ordinary | . 
arithilet ls“operat tor ae ior is deduced from the union of two disjoins 
sets, Ir MA) ts. che dumber peoae of A and | wi) _is, the nuaber 
*property or B, then the pumber* property oY the union gives the result 
“of adding the two numbers, NUA)) and MB)S provided A’ and B are 


disjoint : nm gaher words, 2 Ss 7 , vs ~ . 


x 


a 


fuse 
Aad 
o- 
ss 
Sue 


> 7 ; 
B are disjoint sets, ‘then WA) + M(B) = NAW B). 


\ ae ? ‘ , 
The union-is an operation on sets and nadition. is an operation on numbers. 
Correspont Lis te the : union {OF _two disjoint setg is the addition of théir 


number properties; the gi of their nuniber properties. is the number 7 


property & the union. | - a 

, a 
F Thus, wy looking at the unions of.. aiejoint sets, the addition Bits 
cts defined*on whole Rumbers ; ; ao a . . 
» . ‘3 : . oe : . an * 
wwe (0, 1, 8, 3, 4b, vee} 7] We (0, 1, 2, 3, 


4 5). saa) 


We (0, ay e, 3,74, 5, 6, 3 a, vee} 


The Aree at ve k save above, indicating noy 7 is produced as the 
unique result of fconbining 3 dnd 4 in this: operation may be rearranged 


slightly as below: — : 2 7 ee . 
— op : . is : \ 
x / : F : . 
. : We (0, J) 2, 35 4, Dy one} Te 
. > x ‘ * : ag ‘ : 3 : ; - 
\ : , 
one . ; 
.: « 2 : ; 
: : e ~ . 
ae ae . 
= nN * ‘ 
= we a 3 ao 
La) semen 7 \ « ° 
hd 
= . <4 
‘ v 2 : = a 
a > ay . a 
“> * 
ey ’ {Wwe ~ ' pe 5 Ae oe = Se 


Clearly, this 4s the arrangment Padi cated hy the usval basic addition 7 
fable in which the sum of, a3 and 4 i8 located as the oy on the ‘ 
fourth row and firth column. , ; 


- ? = 2 ne a 
. . io 7 
v , , . 
; ; — 2 
ae” 
2 - u st 
\ _ 
. 7 . % . 7 
fo 
. * wo ae : . 3 of os . . 
; Problems " a ree : a . a oy : 
“1. IP A’ sha Bare as below, find Sint . a re . as * 
ae Ax (1, 2}; B; T3} — ’ 
. pd Ae (1, 2, %)s B: ae hy on ae = ' a. ; <p 
, Me Vl Us 2, 33; B =e { . Bp . ; 1h. 
» s os wos P . ; S a - é vt 
a de A= (2, 23 2,4, 5)3 B ae 5.55 1, 9) a ee 
e As QQ, 3,5, 7,99); Be (h, 253, 4, 5) : 
» e : . . ‘ : _— 
y f. A= (a,b, 2, 0); B= (oe 8,7 ye) 7 
, _ e 8 : : . ‘ ; a ay = : 
2. Fer each of the sets Jn Problem 1, ‘find, N(A), N(B), . anda, ° SS 
N(AU B). State whether it is true that N(A) + N(B) = N(AUB). 
. Por cach pair of sets; explain why this equality Rolds or why ‘ 
4 » i€ doesn't hold. ~~ = © we a 
3. Draw diagzams to represent the union of the Following sets. . K _ 
- Be Avs iis 3; 35 4, 5} % ‘iB = re 39 5," j . : , x oe 
we >. A= {t, 2y 3) 4}; B = = (5, 8, wa) ’ 2 . : = 
, ew As {valf, camel, carivou, cougér, cow,’ coyote); 3 B qgftull, 
: oralt, steer, vow, ox) 3 me P — > 
— e i 2 = = ?. ta pee : 
h, , Suppose R is the set. of numbers: listed “in the row ree of ~ —— 
. addition table; aR pay be described as the set of possible addends. 
If C is the'set of numbérs ‘Listed in the column headings and BS ae 
ia xhe seb of ‘numbers in the main body ‘of the teble for addition, ° 
a how would Fou describe C and B? ee ar a 
* e. = ns 2d a ‘ 
: +. : eee xt eee e 4 . _ q: ta 
7 Solutions for problems: in this chapter aré on Rage "182. 7 ~ chs * 
, ° “ue. ie — oe 
* 8 2 ons e a “3 “* & : a a . - * ws 
: 2, » . . 7? . a 
4 » 9 ' 7 « 7 a . . x “= : . 
PRle. ue - eS yd 
% EES 7? 7” Fi sled ui ‘a 7 : =~ - aE 
eo By 2 . Y ig 7 Es 


. . 


at : * v8 i = one . - : . 
F es : Gy . : Se o a og ote = a ee 


. We’ visualize this operation thus: °° oe Soe 


' jotning “B to A. Wes Simmarize this by’ saying thet ‘the anion is a 


- ; ae ; ‘ . ® 
* yr .’ a ‘ ™ . : a 
t ' . & ’ - = 
Propen’ e unger Aaaditio : e.g « a - oy ~. § 2 
Rlshedtadeehod ? . ‘+ ws ‘ Wee 
a . 2 z > 
e Singe ataition arises, me unien of sets 3, we can “expect that 
“propertivs ute > the cumion operatict may have implications for the ee a 3 . 
2M he. a aaee % 


adal oe ‘operation. We obsérve tirst, ‘that. ume ‘union’ of two sets is 
We sete This, of vourée, “is from the definition of union. As a whole » . 


“iqumber* may be "gesigned’ to ay, set » sSorrespondiing to" the fact that 


tase aa ch the union ofMBwo ee oe - — rae 
2 . © oe . x _ a 


. » ™ 


“. we have? ~ solo : ; v4 : 


an bad 78 . 4 : aye 
ome 4 “the sum of two whole numbers ad a wuOse nuntér, : ; a 
: » oy N . : ; : ~ os 
Both.or these are stakements of clostre properties. y The first. is the * 3 : 


‘, closure property of sets. under union, and “the second is the closure a 7 


we 
_ Property of or whole numbers ages additions. it an operation that’ is 


“defined on a ‘set is ‘such tine the result is an ‘eTement, of © same 
set, teh we say that the cnet is @losed under the operation. For: 
“example, if we consider the operation destrided by “double” the number”, - 
’ then. the wesele of doubling. any whol 8. nuit er is also, a whole nuriber. 


Net 


N , rors 8, Ne fs 7 e 3 o . 
a i . Re 8 ; e 
= (65 hy 2, 3, 4, 5, 6; 7; 8, 9, cael . 


a) 


Tahowing, | for eaiae, thet if 3 i a member of %, ‘Moding 3 is a 
. Q " ~ » . 8 . 


“also a member of We i “ye 8 4 so Mi rd = 


Similerly, we may visualize closure under addition thus: | oe, 8S . : 
We  {0, i, 2. 4, 3 6, ty 8, oe seedy a | : * ny 


* 


showing here, that the result of “3 and 5 is an eienent of We" ; . 
Roughly, this means that we don?t have to reach outside. the, seb for" 
the result under the. Operation. A consequence ofthis property y ~~. 


> 


‘Shat weymay repeat, the operation on-the sum, 


og s 


. ee 


= Another property under the union ‘wereeiaw to thé ‘otder of operation, — 
If AD and B are sets, the result of joining A to.B is the same as 


conmutative operation, For ~~ sets A and B, 


re : : 
‘ . Ss ; °° « 
ae “AUB = ! BUAy . 
\ mr . : : 
‘ . 
v ¥ 
‘ ~ 
we « , . ° 7 
‘ x 
7 s . ‘ . eee ? 
» 2 = wae i oneell x 
fs a ' * 
* x a rs 2 * + = 
: ; 2 253° 
* : 
| 13 7 
= 0 ~ 
t . re ® 


. “ - : : . % a ae! a . a . ; 
oe Se Se tes * 
* i -, % we PS : 7 * > ‘ 
Corresponding ‘td this, we have the commutative property (of of whole flumbers 
J. under addition. For any "whole numbers, & and b, : 


at+b=b¥a. . 4 : : SF ws 
For instance, the sum of 3 ‘and & (which may be witten 3+ a) _ ra 
ea. AH and the. sum or 4 ‘and, *& “Cwritten’ 4 +3) both yiela the sane number; - ae 
. Te Ries this reason, we cau write : ; 2 a, , _ . ; _ - <, 
- ye é 7 3 + ve ye 3. . . ze : , ae 
Ss . OS de ™ a] ” ‘ _ = 4 ~ _ - 
Both 3 + 4 and 4 + 3 name the same number. 7 ‘ ; 
We have said. above that a conséquénce of the elosurg property under 
addition is that the operation may be repeated on the sum. For example, , ere 
: _ since 3 es is a whg’e number we might add another whole number sayy 
" 9, to the sum, ay be indicated in ‘the grouping < of 3 +4 in ray a 
parentheses, thus: - 2 = 7 —— : -  & . 
> . ; . < +\ ts 
: = (3 * 4) + 9. - . ‘ e : iam: 
aw Ye 
~, Since the sum of 3 +,4 Is 7, the expression (3 + a) + Stic the’ ; 
sum of 7 + 33 ‘ory in other words, 16, That is to say, ct ee 2 
ee (S4A)S 9097 50 and T 4 oe 26, ‘ “eS 
’ therefore, (3 +4)+947+9 °*% OL. oe. fe 
- : - ¥ . i = 16. . . a : 3 3 : : _ . . i . 
x ey 


. ~ 7 Sy 

- X. ‘Since ‘16. is a vale ‘number, ‘this process may be sconpinued e as needed, * 
Thus, ‘we may add say, 5, to the result of © (3 + a) + 9 to get the: . N 

result of (C$ + 4).4 oy + 3s ia is the same as: “164 + 33 aor al. " 


» y 


Our next concert is to. saraue the concept of grouping the addends, - 


; Recall that for. Sets,” the grouping under the anion did not change the a 
y resulting set. That is, the union is.saidto be an” “associative operation, 
: Consequently, both (AUB)UC and A\)(BLJC) give rise to the same number +» . 
_ property. Therefore,we have the assoclative ‘property of whole numbers é 
‘under addition: <4 = . .. .° 
. . for whole numbers a bs and cy, , a . . _ hes i: 
>t be ‘ aE ees a ae — eee Fr aa Non a 7 


‘Tr - has the number property 3, B has. the number property 
. a ‘and C has the number property, 9... hen AUB has the number |. . 
property +5 sand . (aAUB)UG has. the number property ; 7 + 9, or 16. ae 
‘For | these sane sets, BUC has the nunber property 13.,.end AU(BUC) | “y _ 
has the nuuber property 34133, “or 16. Ay B,C are of course, ¢ ee . . 


s a) 
Re! 
see] 


; . oe . as ’ 3 ‘ } > ; - . 
ae x a a "S : * 34 ” Rice a Y . 2 7 re : 

So ” y i : Ld ae . . a : . 2 

. *¢ ~ a & 

ERIC : Re fa 

a * ae t 


rs! disjoint” since addition is derived. from “fe.unibn of disjoiht sets. 
: ” Ro trace “ihe machinery" behind this .ptbpert ’ 

4 Pleo a +(Q, + e) as follows: . 
. : ‘ : es L : ~ Sek 7° =e : : Sea : 

ate og, Se REO. — 3H DL. eee es 
.. 7 he . : | 7 ne, . 5 . ie eS : an . : 
ey rn ee is 3433 2. yes ~*~ 
ae es are | ea San .. hey 


oa 
* 
oa 
s 
Af 


wlth the eecvienr glashes indicating equality as we reed vertically 


* 


‘This may be interpreted as scryoNes . . = on 


5 . = (344249 57 +. 9 = 16; | = ne. 
independently , 3 + (kh + 9) =.3 + 13 $ 16 . —— 3 We 6 1 fl 


since 16 = 16, we ‘can follow the, chain’ thus: 


ae + h)h+ Les + aa, +13-+3 + e + De 
: From ‘this, we a that (3. 7 4) + ‘9 =3v (hy Os The associative 7 
* property” states, that this characteristic is not restricted to. just’ the : . 
numbers 3, 4 and 93 it holds for any. whole numbers — ay--b,+ and 3 ‘a, 
that As, (wep) tes as (d+ 0). * . - ee Oe 


: , sot 
x ‘ . th . ee - 3 ¥ 
eo. : 
» e 


The property for ‘closure allows us to “repeatedly eae as many . % ae 
‘numbers as we wish. ~The commutative and associative properties allow , - « . 
‘as to do thé adding in whichever ‘way we please, as long 28 each edgene ae ee 
is Soprbpriately accounted for, For example, we heed require the eum?" 


_ he : ERS TRB ET HS +6 4D a sae .. 
: - : ey . ee S ~ . . = as x, 
“Closure states that this can be done; merely ada eny two, then continue aa: 
_ te ada any of the other addends to the result. ana- 6o° ons Conmutativity -: 


— ~ " and® associativity say that it “we 50 chooge, we are Fee to pick, sppropriate 
combinations at will. - oe oe , > * ° 


tise a a __.. For. re Of in the. stove example, i may be aeabiante | to Look 


a ee ee a 


: ‘for combinations of ten since adding one ten to ‘another: is easy for -us. 
_ For. the above sum, we may then find. it ‘Sonvenient to group in the. 


feet so following way? (2 + 8), Qh + 8), (7 4:3). sa the sechene af our me 
2 procedure, :  : a : - 3° se ‘ 
‘ ae 7 s ¥ _ . a Sa v Ss 7 


~—> < => * > -_ 
Roy a 7 : a : ‘ ee ae 
: ES 
ERIC “e Oo ° 
So Sa ae a. . oe 2 f a 2 , “ 
a i 


‘n 


- Brom eile: all we need is the sum of 5 sea 9° then add 30 to: this i 


SUM, | getting 4b as the final results However, ‘we may proceed directly = %: ae 
trom one addend to another: a 


. ‘ . x ‘: ® 
. 


yo 7 WY PIB : . = © ge 
ee. oe oa i, ae _ 2 se 


. Any nvenevake way we » choose should yield. the Bame sutt, . In the hand 


of efficiency if not of sanity; the first. netthod ‘is’ more likely to" as 
be, prebercens . ; a te 


ee 


‘Let us examine how we make use of the commutative and gemocuate 
properties. We shall not trace through every step involved; rather, 
we shall Indl, rate Some of the bigger ‘steps “typical . of bhe situation. 
Suppose we want the sum of 2 and 8, Because of commutativity, . 3 
we may first “Interondyge the order of thet Bas the 8: “tag ee ek ee : 


4 
ew, 


Peo ebs BHT AG CHD 


te 


seas BFE T4346 oo a : a oe ; * 


this may be followed _s by int érehanging the order of the 5. and 8 
the 3 _t0 get ae . | — 


as Bebah T+ 34649. L 


7 y . 
Simllarly, we can .go Leep-frogeing for the sums ‘of other pairs of . . 
number's that: we may choose, ‘ ea ‘ ; a 


oe 5 4 : a 
_ Ww » . . : 
: 1 


So. far, assoelativity has not been used, or 80 it seens, The fact is; i 
we Just conveniently neglected to mgAtion i$ when it did occur. Bo mike (ore ae 


‘ 


At easier to follow Let. ns consider firat, just. the Partial sum. PE veren ie renin ueee 
> _ ; : 7 es eS 


245 ehee, 


If 2 = 5, ig obtained first, and 4 added to  tategrenult, “foLlpwed - fe 
Y ading | 8 we the result’ of ne + 5) + hy this may be ‘indicated hi . e 4 ot ° 


"stag = UR + 5) b) 8 


v 


where “the nner parsnGhenes show the first grouping: ‘oF 2 and. 3. a ~ 


“sae 
aS 


= a = ; kG + 5) + - * 8° -méans (7, + u) + 8. ( no 7 Ly om 
‘ . x , v. ; . ; . < 
4 . By the ass novLative property, ° . as S =4 


= 1 
,e 


ee . Sh te “Oma Seto oe TO oS < 


In bummary} what: we are saying is. “4 " we — 
Kea onset (253) % (40). so 
1. we 
‘Clearly, this Pr: Te55 nay he repeated again and again, *s0, while ‘the | ee 
: “associative prager ty Yad aot been a evidence beforb, it is still very , 
. much a ‘part of the”process, This is why, we say that both the Staftinbetive i i 7 
- and associative properties. are involved in’ our “pick and choose" process," 
Further ‘analysis or the role of the assootghive property ‘anbolves further _ 
ont ¥ « 
> "nesting" of parentheses, for example, * . Jas 


a 


ee 1 
BS eh Be Te (Op e828) 7, | 


-and go forth, * - ; * 2 x a oer , _ 


~ 


. 


* . ’ “49 
From the standpoint, that. ‘an: Object (set) 3 is sencai from: two 
: — sets in forating the urion, we can regard the union aS -B binary operation; i 
me ‘4 operates on two, objects to- give a thira. » We also have noted that . . 
\ with cl osure, we may) continue such an operation on the union. Moreover, : vo zs 
| because of associativity, | the compound ‘resulé, is lnique (one. and only a 5 et 7 _ : 
‘one set is defined as the union) regardless oft gréuping). Thus, ~* . a, 
“AUBUC can be ‘written, without parentheses. This. conegpt* i is carrie]. . 
‘over ta the operation oF addition, and the notation for the sum is ey 
oe or any parentheses, , - 


| Broblens | ; _ P My a o : : 7 

‘5s Which > of the following statements are examples of the commutative 

. property under addition? oe J oo . = ~ a 
;: "s a 7+ 8-837 — . : | = = 
“Ue Pe Se 7 4 8B co a | og a. ’ _ 
ee (2+ BY Oe (BHT) 49. © a See 
de. ee ee ee 4 re = eS 
ae ee 78 = 87. 5, as actouay wnat meg ee me aaa ana 
. . f. 47 ¥8) 495 Sate) a ee whe 2 ae ms : 

= 7 “ee ees ned a a —_ “ : 4 * 


+ @. 


te 
, A 
4. 
o 
‘ 
. 
& 
s 


: " my . . : 2. %. 
* 6. Which ‘of the: Saidvine & statements are examples of “the assostative , ° é. . 
8 4 2 property under: addition? ok et, . Jee . > 
oh 4. 8 & GPR Geiss. oy a 
, ac : : da. (7 +8) 429+ = - s + (8 + 9) 7 : ee Pa 7 7 . = 7 7 i 3 
& 7 ee (7-42) 49 = 973 (@ 2 . wf ' : b. . 7 7 aS - 
os ay TH B¥92 (7 +8) vf. eS EN TTA eae : os a o 7 
oa 9 pr gee (1 #8) + (9 # 30) es ; 
- a C7 e (Be ON RIOR (G+ 9 eM FIO or Tt : 
S. (T+ (8+ YY 16 = 7+ (8+ 9) #20) er. 
ot = : as Which property or properties of whole numbers ‘under addition make(s) “ 
= . . gach of the. tdiiowis true? . ee =o 3 ae a 
oo os (7+ 8) + to 10) = ee 
_ - ® 3 be (7+ 8) + (9. to) + eo + (10 +9). . 
: 6. oe 748 515 ke a ee ee 
: oars ‘a af 1 +84 9.+ 10 10 ¢ 9 +847 “egg ae ers 
ote, TB OEDAT | a 5 eee ae 
bet. Be fi. 7+ (8+9) 4102 G #8): + (94 10)" as Kes — 
| os << Be T+ B+ 94 10 =-(7 ‘+ 10) +,(8 +9) ‘ » : 
, _ . % Anothér, property of sets under the union opera%on that is : A ae 
_ * . + signtificegt for ‘the*alattion gperation.id qne that is connectied/with =. o£ 
oa 4 the, wtion’ of a ‘a set with the sempty Bet. We have observed betqre that . i. | - 
: if f isa Seb then aul } = Ae ‘Since ‘the. number property of the 
. eupty. set ts 0,” if the number propelty: of A ‘is ash ‘hen the corbemmonting 
— . _ Statement for the. above observation a OO og rove . i 
: “for any whole nunbex By ; maar 
. b. : , | . a n re ; | 
» ; * : 
. at course, because of ‘the ‘commutative property, we also have. Oras Be , a 


Since addition of QO to. ary number produces that identical’ number, , 
; 0 is edlled the identity element with ‘respect. to _oadtsion. No other 
: - ~ elgment plays. this same “role, The. ‘property vererrad “to. above is “known 


=. 2B, . ag the Usa 5 LA ad of Zero tinder addition. or in short, the addition , 2, : 
: " property of zbro. ; See ss . rae of 
as - ‘ : . , ry a lie 
~ ot . f ; : 
oA is m . 1 a > _ SY - 
. hia . 7 ; 
7 : “¢ * 4958 : ’ 
: : ™ eo» ‘i , y 4 bd : . » 
ee : . ‘ . % , : - im aa 
ome. . ' a . oe 
4 * og ek . ; 
_ (<) 7 * ie 2 a ¥* ~ z 
3 os 7 : = 
ERIC he : ‘ : Se 
eee 4 ‘ ‘a ae : ee aS 
‘ : y = . 7 : , yon 28s 


_ Addition on the Number Tne : Se eg es "7 moa « 8 a By. * 
* nc % * #5 4 . ; . we . z : 
7. ae The operation of addition may be vividly pletured on the number line. ee 
rv Recall that the numbér Line is. constructed by placing marks on a Tine BO 


_ that the ‘segm nt ‘between any »two “neighboring marks is: ‘congruent to one .— 


we OO 


chosen seginent. This was accomplished by Taying ‘oft copies of the chosen | . 
‘ gegment end to end. The chosen segment determines a amit in the ‘number line. oS 
s . 2 


. > ‘ . y 


. "Bay visual ize 2 + 2 =5, let us: first ‘locate 2 + and as on the - 


number, line; notice that “between -2 and 5 are 3 units, Furthermore, 


7 


* “ a et + Swe 


This process niay ibe more effectively indi cated by SrTOws. as illustrated 
. ‘ . 4 My 
- .* below, evar 2 ts 3 . i 5 ; Pe we yo: , . ~*~ ge hi ; +s ‘ . 
: . y : - . : a ee ee : 4 ae EN . . . 
: . . ; a ( ; “ ~ _ : v + 4 . 


x a se SN hemene 


T% 


The above Stacvan shows an addition using the number’ line. More : 

than this, however, the example may be interpreted also as an illustration = . 

. * of the closure property. An arrow of 2 units "Followed by" an arrow _ 
7 _ of _. units ylelas an arrow of a whole number of units. . Each unit |, va ea 
a cy regarded ag a “step. Thus, “2 steps" Tollowed by ;steps result. a 

in a total of 5. “steps. Note that the steps originate from , ar 28S 


starting “point and thet. we advance in accord aa oe Werenetc 2 
order of numbérs. 4 . ae eae , oe ao ey 


< : 3 : ; 
~ ERIC. 


* . Ai . . ‘s » 
y v . > : 3 ’ 


As, . “Consider now the | 3 ¢ 2 on the number lines Here, 3° ‘steps — 
‘are ‘follcled by. 2 steps ae “B is toke that we 


ake theesame result i. ous 
. as, befores | Incorporating the diagrams for SS + 2s 


i and 2< 3.5 5 : 
> irito a single “diagram, weNcan illustrate the COMICS: property 
" N under aes a 


a * 
a 
v 9 , 
of me ‘Mopcaktave pheeee< gan’ also be Wystratea using @.number re 
line... steerer, -the process is more involved. As an example, we know thet 
. i % re S . . 
ye (22) atwer. Y. 5 
y f - . ; : if a a 
THe fara expression y (2 + 3) + , may Be ilustrated by a simple : * ae 
extensic - Of the above method. An aprow of, 5 units results from the | i - 7 
es 2 and’ 4 unit arrows. To this, is abutted’ (attached erfa to- ay vthe 
es unit: row, thus * : a - "3 
’ 4 Se a “a . : fe, “$ . 
, se oe — . yo eR : i 
a a ee : { ‘ ; = . : 
. : an : ve 
B ‘ 
we, 
v¢ 4 
4 ° (2 + 3) +HE9. i 
. ~ oi 4} . ‘ . . as 
mi ~ & Pp eee 3 “cs ~~ 8 
8 ; ie a eran 
mE: This of atiog is analogous to the chaiin or statienents ‘ os 
—_ esis ao ate if ofa Byehegy Ve a ae ee eg —s. 
‘ene £ oS # a . Ok 
i 7 The illugtration for the second expression, an (3 +4); is ‘not . ee 
Bs. 3 p ratte, 3 may be more helpful to start with the analogous . : : ~~ 
. nly ; : * 
. .. 4 : vy Ce ee Ep ennet me eon rece 
a ae tees a ae a 3 F : 
Se ay 160 Oe a oe oe 
. eo = : : ‘ t . : sy “s 
> - . ie ‘ : a “a an * » * 
ENC : 3 *3 a ne . ° as 


-te 


yy? 
. fs 

. 
vo ’ 


situation rirbe. . In analyzing 2 + G, + +4), » we note nate 3 + hs =p 


+ that is "344" and "7" are names. for. thé same number. Thus, : . 
eae > : e yo. rn i . - : i 
: oe 2+ (3,+ 4) = eategl * — by 7 


ae Reooréingly, we: are seeking ah arrow corresponding to" 34, This — J a 2 ; 
*+ “arrow is than abutted to the arrow of 2 unite be. arfive at che veault : 


me pepe (sa en -%, 8 Oy ae 
. . =< 7} e 3 . : t a ‘ ~ 
* wer Se ease TERRIA: SERRE ERREreEN Semmes » ie 
Pie) . yo, * 
; oF a 2 3 he. 5 6 7 8, 9 : 


ue ° ° 2 on . , ’ _ . .? 


| we “the diagramming. may Be- ‘aimplified by transferring a arrow for a3 + » 
| airectly onto the .2 pais. “arrow as is” enone.) helow is the: dobted lines: ae , a 


a - ry a7 
— 
4 ‘8 al : : 
’ -? me 
\ mies + 
> | 
a ‘i 4* 
N <i 
™ a : 
‘ . : 
dee en si o cn ie dram 
, . 
‘ 
2 - “ 
3 de . na * & » we s, » se a 8 < . oe 
, . = sy x i ee a. . : os ‘ ‘ 
we Os te x . ‘2 8 ede 2 & y . Y . . : . 
5 S & sh aS ‘ eS ye 
‘ ' . ‘ : : koa 4 fe > ahwiraiordah aude sas , 
, . : ne i v = 8 . ‘ . & sy 
oan a . a Res . = wy : 
: : ; * . ‘ ry , : 
. aN . 
ay w you 
> . * * 
sa : 6 : w 
NY < + i L . “ i.) \ 
a 
: Soe 3 
, a 
-t ’ 
‘" @ : oF . 3 Se 
VC ‘ , a ‘ 
ERIC Pe 
2 . 
é , v i ° a ? 
“ * “ : 
PA Txt Provided by ENC | erry 
» . Pio i ? ‘ \ . ‘ 
+ % bs 


. > ’ 
x . 4 . : s , 
5 + . Wa . 
. r 


.- It is by Incoeperating the. diagrams | tog (2 + 3y4+ 42-9 and for —— 
2+ G + ae ‘2 that: we show associativity. 
e . 4 
. , ; oe 
we 
a 
ms \ ° 
on 
2 Se. a ie eee a a 
’ a — — —— en - al Rk mS 
re ae ee ee 
-- ™ . . . : i “ P : 
Frequent use of*,the pumber Line ‘to illustrate addition of whole’, _* , 
. ‘ numbers will ‘prohote familiarity with properties under addition. Thys 
. _ the number line can help" a great deal in working, with numbers and in, > 
. : “answering questions about” nunbers, _ ‘ 5 am 
te Problems - oe Oe a se ae 
> : 8. Draw number: lines .to Show the following addition examples, “te i , “a. 2 
aan af ?3 4625 7 _ . 
: be 4 +5 ¥ 9 ¢ . 7 : ‘ 
7 Ce (3 #6) +7 = 16> Dy » 2 : 
Ye a We S46 Te 1b in i area ia ak ae oan ed 


a 


9 Draw number. lines to showthat the following numbers are: commutative . ss 


re under addition. g 8h x ; i =e 
: — ee ae 3 8 _. # 


ae Be 3 and 3 ; ed 
wee ce Be BO amd BOT RT er oo 
Ce +6 and 7s 7 “7g "8 7 ; 
a ae * * ‘ 7 . . : . 
a oe ? “162° : . 
a, \ 7 = > * ® 7 


. . . ? ~~ . 


10, Ape the diagrams in Problem 9a the game as those in Problems ,. 8c 
and Sd? Why or why mote - _ 


“4 : , - : , 
ll, How. would arrows be oes to indicate advancing from one point a , 


. the whole number Line sto the next pointe What does thts suggest rw; 
about ‘the Se numee iumedtately following a ‘given whole number al. 


’ 


. . ° % 28 3 j 
a ' yO FS 3 Fo 
Number Property of of the Produst Set . : . 
~ . . ‘: SY = ; - 
*» When sets. gre disjoint, v we have seen how the operation of lagaition, ae 


. may’. be related to the union of the sets. The sum of. the nunber properties 


* 


of all the sets-is, the number prope erty of the union. Since multiplication 
may ‘be viewed in terms 8r repeated addition, forming ‘urtion: after union 
would yield Sthe number property required, For example, if .We want, the 
result of 4 x5, we can get this by the union of 4 disjoint sets a 


‘ each having 5 members, ~ C : 7) - f 


. . 8 $ r ~ 
e ; we + 
» 
. ~ ‘ 
» 2 


Az (a,b, Sa,e}, B< (f,3,n,1,3), C > {k, Tmyn,0}, -D= (p,a ts, 3) 
a ba we a bas ~ 

‘ms, N(AUR) = 10, W(AUB)UC) = is, “iCauBU ¢) UD) = 20." This : 
“would ral] tor Pinding 4 savers but disjoint, sets. Another approach 
is of the use of the product, set. This approach reveals wore clearly how 


“multiplic nablce ‘arises directly as an operation on two*sets of nunbers. 


z Ls Py 


a 


“Using: the some probl em i x 5, that we have pefore, let us now us 


: consider two site, as : a 


7 - Es (a,b 52,4] and F = (e,f 28% wi), P : 


? 


P a | - 
then N(E) = 4 ana N(R) - = 5. The produc} set. (Cartesian product) is .? 


nee F = { ((a,e),(a, PY, (a,g),(a,h), (aay: (oye), (bf), ey (bh), (b, i); oe 
(e,e),(¢,£),(c,@),(¢,h), (ci), (aye), (4, )s(are) C4, h), Ca, i) 


from which’ NB x F). = 20, The Cartesian product of two ‘Bets thus gives 
directly the product of their number properties. - ‘Ife is the number. - 


property ot 5, and t “Is the number property of 2 _then ‘the fiumber ~ Sd 


- “property, or ‘E X Fis e x: f. In short, 


: ME) xX N(F) = MEX F). 7 7 


aan tt ean be observed, 2 moreover; that this statement Ls true whether: or not 


the two setevare ¢ dlejoint. | 


‘ ‘ i * 


omnerreereey hee 8 eae Ae Na Nate ett Nee 4 ch ee tehbnatipe tebe 


is “ * . 7 hs * ; is <f 
+ ¥ OS = .o , 
» . . % + = 


Rectanghlar - Arrays ” a : eo ° u : ; 24 : a. 
via. Ge receten products, mal tiplication ts derined on sets of whole “y 
numbers, °. For example, wx > 4 20, as-the operation . fe 4 
W = "{0,1,2,3,445,6 oes a y - ‘W = {0,1,2,3,4 25, 6,e00) - ; = . > 


. 


. “W = {0 7152535455,6, 7,8,9,10, 12, re. 513,14, 15,26,17,18,29,8 peve}g can 
- evolve from the ‘product set AXB, where A =(a,d, cy) | and* : 
: BS = {wu = Bs Y: 3,¢}. For these sets, A xB may be displayed as follows: 


. I - = . 
oS ABs Mopeds. (aB2, laird, (0,8), faye) ay 
| _ | (o,@), “685, 7); Cb, 5), (bye) . 
2 ase e Gh (ea), “ails (ce, 7),” (c, 8), ‘ € )” 
_ se (a, a), (4,8), (ay), (4,6), (ase )},- 


4 - , a: 7 . ‘ ms eT 
Ih this, -alsplay, we can-see that since A‘XB is the unlon-of . a —— “4 
equivalent disjoint ‘sets, ((a,@), (a, 8), (a,v),; (a, 8), (ase) }{(b,a), ‘ 
(b, 8}, . son (bd; ‘5 cies. {(a, a), (a, By (a,7), (a, 8), (a, €)3; > 
a rectangular arvay of & disjoint sets, each Revse 5 meubers would - 

? Sive us the number. property xX 5, » Thus, for a physieal interpretation’ 
of 4x5, Wwe may set up a ‘yeetangular array of rows with 5 objects . 
in each row. Counting the number of objects in: the | array gives the answer . 
to Ax 5, Either of thé dlegrams below, an array of dots or an array 

_ of rectangular, SRSpes, can’serve as a, model . for: h x Be. 


‘. 5 - ; _ a . * ’ : 
i petit el on teenie ‘4 : . 
_ aj » . 2 e. * é : 
ae ° 4 : : 
. ; = . , -: ‘ . t re 
On. the dasig-of. such arrays, we can think of maltiplication ..- eats oe 
in terms of counting sets as follows: — : el a 5 eS 
, Given numbers a and b,. an . &.. — b. fg 
: rectangular arxay of - objects can be con- ar me 
a = structed such that there are a , rows. and é = A 
: ' > b  colume in the array, The number, — 


a-x.,b, is the number ‘of objects = the ae 
< 16% . . . - . es “y — 


a oo . - : : . om ee ‘yt 


s 
’ 


Me 


np 
es : . s ; * = x 2 a ~ 
Problems - s 7 : me a 
enema nner o x . . » wd n . 
ley Usi w Ewe sets that are not ai sjoint, one iavite 3 member's a 


ss ¥ , the other 4 melbers, show that the. number property of pune Saas , 


ne . 


Tet ts 35. 2 2 
ad AB a. Form a me rectangular aoa Allustabing 


Py 


2 _. aninterpretation of 3+x 4, 


‘ of Using A > (2,2,3) and B = Q, 2 5354} ist the: ordered pairs 
(a,b), wher ea is an “element of A and-.b isan element 
a : . of 8B within the rectangular shapes drawn above, Let. a: 
. vefer to the row and b» .to the column gecupi ed by the rec- 
a tangular shape. : 


lbs xX Using the, ‘example ed 6, . Show by yates how. the multiplication 


table ‘illustrates an operation on whole ere > as was done for 


addition on page Il, a ' 4 . 
= + : ; _ ; i . . 
enc) Ld eS unde Mul tiplicaticn : tae ad 
% = ra’ 
=) In “ehe . jaeove, we have related multiplication to the product set. 
“The result of the ee on any pair of numbers -we call the product. 
of the two nughers. . ee oo. “a a = =, 


- 


When we. exami tied the union of — sets to get an re into the 
’ properties ander addition, ye observed: that the union of two sets is 


‘a Bet. The product set may similarly ‘be extmined vo gather spme infor- eo, 


-wation on the properties under multiplication, As in ‘the case with 


“the union, the product Bet of two sets is “also & set. "Tt is “brue that 


* the ELCuOnsS of the producb, set are not elements of the original ° sets-~ 


they are pairs of elements, Buti the crucial point is ‘thatthe Cartesian 


product is a set, and a nutiber property may be assigned %0 this, Bets 


. From this, we have the erosts ‘property of whole nunbege under under mitiplicatiton: . 


= The proauct of two pumbers is 8 whole, numbers 


_, Th As (aye bcd). and B =. te, B,Y,9,€},. “then the product. 
det AX.B isa set'with 20 _tenbers, We. a seen sthat if a ZB, 
_ then the cartesitn Broduct - “BXA is aifterent from AXB since’ 
‘the pairs are: ordered. For example, (a, B te ie & member of A XB: 

_ whereas* (8,a) isa member of BXA.. By displaying the members of 
BX A as we had done for } A x B we .should see that B x A also nee, j 
20 mehbers, 7 


a 


1 
¥* 


‘a 


"es 


‘ 
on 
ey 
‘s 


a » 

~. 

: . 
- Ne 
A ted . 

ee 
oo 

sh 

~_ Oe . 
ee 


an e is, ‘they have: the game viumb er? property. 


both product sets are ‘equivalent; 


ic eee sc) 


~ 


(6 1) 


ae, 
~) ~ 


ty, re). eee: 


bs 505 


. ae y . ne nS ° ; 
aes . » ee ¥v < i =a a 
i) .e = > -° . 
. s& a ae 7. ‘ A 
e : eo » . atey ; we 
- eo ee BX ars ((a a, Age, ac)o . 
a ee (Ba (82), 
i ~ me oA eu, . WP)» 
% : : f bya,” 
~ = . (* je), C € 3 
> re oe r “ = . us 7 “A 
Ther a. aver. though" x xB f B xA, 


ac coe 


{ 654), e at S 
(nap. 


an 
oe 


eo: 


an Nobis 28 ‘from’ “the above displays thet ‘an’ array oF 5 disjoint sets. , 


* each having 4 ‘menbers , and an array of 4 disjoint sets, ecg hewing 


. 
I 


5 members Sy ‘have the same > number r property, 


. pee 
is a 
an — 

eo 


Stes 


‘ —s + in each set - 


‘is nat commutative. has no ,bearing 
Paks is still true that. we have the 


“wader multiplications 
a QO . 


- 


eee ° » 


_ In — SxampLe that. we have used, 


that is,, 


5 prc 


. od 


for any whole nunbers 


oh | addends 


v 


. 


~———> 
OtO+*5R+D gy 


186 


. 


5 dé used as an‘addend 4 ‘times. 


ee cece 


‘ea 
bis 


- 


kxX5 = 5 xa, 
as the same number” of members ss a 5 by 4 array. 
. union or mM disjoint sets, each heviae. 5 menbens also shows that 


a] . 
a 


— in’ each set 


3 and »b, 


.4 x5 san be computed by the successive addition.” 


So RSS 


‘a Xd 


o 


= v x ‘Be 


iad 


(this is sometimes. _ 
referred to as ; “the oe addition geserjption of nuLtipiication} 


? 


ss Since matiplication refers: ay: tO the nuwber properties of sets 
_-Anvolved cin. “the. Cartesian product, the: fact that 


ere 


A 
» 


artesian product , 
on the commutativity under miltiplication. 
commtative broperty of ‘of whole numbers 


= * 
A by 5 anray 
“The array as a 


ig 


Pay 


, 4 
os eS 
. 
. , 
, 
. 


“he members 


we 


ete, 


te AMG 


De. on . , : . me 
. i . 6 4 . 


Atthough multi eliseron. of whole niubers may be Gesevibea ‘in terms of 

ts repeated additin, ‘Lt ist be. remembered that maltiplication is aefjned ns 

“aS an operation on “two sets cr numbers PROSEEEEC HU addition. The. 

_. operation showlng the association ofa thira’ number with a given, pair 

— may be indicated, for example,. by the usual method: 4% 5 = 20 or oe. 4 
* siypty, (4,5) 20. "(4,5)—= 20" “may beoread: “tok and 5 is | 

assigned the nimber, 20". Likewt'se, addition may be 50 described; } 

, ~ thus" (4; 39 may refer to an Operation of addition, ao ae eg A o 

ae . on 


a) 


: Problems: - 8 ; os : . é oN ’ 
i . bees eae teed ras % > ® Pe . ‘* 
_ oe : fe . 


15, Draw wo. arrays ad ree sctangulay shapes to iustrate that. 32 — ry X 3. 


NE. Is it: possible to draw an array to fiustrate, 3 x OF Why 
or why not? e 


17. For each operation. given below, state watch iithastic operation = 
ht refers to, ey . 
Be be, >>) —~10 ve} re (1,1)—1 : ’ L oe, . . 
be 3,5) m8 CLD) e2 2 ve 
e oo. (5,0 0)—»5 ; ; heel a ~ 


. 


ve ‘ ss ~My . >) 


*- 482 In adding, there is a particular. nurber a such that arA= a2; 


" a) 
2 > : 
ee 5 


os : Pind: this. BUBSEEs é , 3 ; . ; am 


19, Ata multiplication, ig there a number a sucti that a x asat re eS : 
“Are there more than dne nunber a suck that a X a= at ce — 


7 - , 20... If ppeeg nhs draw ‘an array for ax a such that ax a = Be : a 

Phin ‘derirda ml tiplication a the ye roeeiy of the, oe fe Pe 

" Cartesian ‘product of two sets. “There? Fe no ‘overt ‘indication yet . 

- - that the product af three or mor& nunbers can be given directly. by ‘Bets, 
- IF we want the product 34 x5, for "example, what we might do is 

to find the Cartesian Sroauee of sets having 3 and 4 meubers each. ; 

This yields a set having 12 wmenters. -To find ‘12 x, we can use eee 

its a.get with le members. and. a ‘set. with... 5 MEMbEFS, forming. the product- taht aera aaa? 

Bet of these hea This would be 50 rovided we want “the product, i 7 7 

with the factors, “grouped: (3 x 4) x 35s For exauple, Af > abe a : cg. 3 

. ae Ce ee ee 


a 20): Oo; 4) and : i = (>, oe 


oo 


a? 


‘then, 8 x E isa set with ‘he menbers: : = a \ 
. 's XE = (C58), (x,b), ie ’, _ (ya) aay ( moe ° = 

: oO os * ; ™ * . a a 

: . ae ae ‘ a < a ‘ : 


. "Now, if Dana _G are sets with” 12- as. 7 menbers ‘eepecthvely, sayy 


-".  D= {ddg, cat. noreey cow, goat, pig, ditcken, duck, - 459." 
ey . sheep, goose, “=e doukey) ae a “% gS os 


er oe Cr ee a a 
a - Ga (eB, dep 2 - » oe ee 
then a.product set, D a may fe formed having 66 ineubers.. , 48 

, . re * cf — * : . 


° vam s » 


"Notice that D is equivalent ta SX Es there isa 1-1. correspondence. — . 
- between “their menbers. J. > _ ~ 3 . oo 
D = (dog, cat jhorke, cow, goat, pig, chicken, duck, sheep goose, turkey, donkey) 


- 


SXB = (ye) (0% ‘a)(o, a)(0, se c)(a,a)(a,8) (ab), (ae), (da) 


. ‘Instead of DX G,- we might have used (S x B) x G to. find the fumbex cor - 


: : respond to, (3.x 4) x 3s Then, ‘some. of ‘the ee of “ ~ 2) x G may be 


i Listed .as follows: ; oo a “ 


(s x 5)» xo= UCR, a) ,a),(( * 8s 08 Dyvensttosdded : 


. ; aes x 
1 
Lory P 


i Observe that each member of (Sx E) XG involves 4wo sets of paretitheses: : 


the inner set specifies an ordered pair of (S XE) and the outer set specifies. 
-an ordered pair belonging wto (SXE)xG consisting of a lnember of (S x 5) and 
8 vitals of 4G. By agreeing that a member of a particular. set always’ appears ig 


the same position within the ‘parentheses » we may be able to simplify the notation 


slightly. ‘We might write a member. of (s x E) x G with the egreenent that the 
2 
. Plret element witgie a set ‘of parentheses is to be ‘é member of S, baad second 
~ element a member of E, and the third ‘element > &2member of G, “Thug, ' ) 


a 


a 


T the simplification-giveg a triple of numbers; as with an ordered pair, such 


Cee) va) night be" simplified as (#5830) er 


es 


. triples. are ordered insofar as “the order of Listing ‘cieaante within the pbrenthe- ° mn 


585 mst be observad. Tt ts. then possible to extend the soars of ‘Certesien | 


secures to ordered triples, quadruples > and 80 aaa . r . 


+ In the foregoing, we*exemined. the product | at (8 XE) x G. We can 
“similarly examine the progutt net SX (Bx G) to Find the product 


Og ia Pacenaeiae 


° 2° . ss . 7. i a X +s ¥ . 
2. . ‘ i ss : . a CoA RO ohh, ea 


os . og 
3¥ (4x5), It is clear that if we do so, EX G will be revealed 
to have 4 x5 = 20 members, and’ that $x (E x G) will have oe 
‘3X 20 = 80 members, Recall thax (S x B) XG “also has _ 60 menbers. 


Thus, both Sx (Ex G),: and (SX E) XG. yiela the same ‘number property. : 


{In Pact, while we have noted in Chapter rn" “that the Cartesian product _ 4 
is apt commutative, i can be shown that, it is associative, ) This 
parallels the case with the operation. of addition; . we halve bhus, the _ ba 
agsovlative prope ty oF whole numbers under multiplication; i” 7 . 
, a : a — ’ ° 
te _Yor whole nugbers a, b, and o,  _ : eg dig 
(axvd) xe=za (6 xc). , 
+ 8 ae ¥ : + ’ 
For the. example wis have above. a : —— 
- aa x hb) 3 x5 = “5 = 6 - a ae 
SC amd Pe a a 
. 3 x x 5) = 3 x 20 = 60, thy 
_ Alternately, this may be writtén as follows: ~ . yy : r : 
2 (3xB) x5 8S BRR SY 
. fe an n a o u : . : + oe 8 
s son i ¥ . we wo te Py . . . ‘ Bs 
J . ar) an : ; mS - no, oe = . “s : _ . 
‘ . : , de . * e ) ‘ : . . 
Showing again. that (3 x 4) x =3 Ch: x 5). by virtue of the atatenent, 


0 = 60; that is to say, both oan name’ the ‘same number.- 


: The ‘physio motel of a box made up of cubical blocks with dimensions 


‘ : : . eS iv 
_ B by b by Gg, may be used ‘to illustrate the associativity of 
mltiplicution, . 2 _ m3 oa Pon * ¢ 
s 
-axdb ‘blocks in edch vertical aie; , oxXe bdilocks in each hori zontal : “s 
= vertical slices.’ : 7 - slice; a ‘horizontal ‘slices, te Pp 4 
: os ra ‘Mode? fivetrating the associative 
7 ae property of indi tiplication, i 
a Ms ae ae a = - os : ae gees "a8 
ERIC: cae od 


» 
a > 


The dumber of blocks in such a box is i x b) Xe and’ is algo _. 
a) x {ox ¢) indicating that it 4s true that (a x ie xc =axX (o xc). 


. - 7 R ° _ * . \ \ 
—— ; 


a ; » 


ai. - Show that 2 XxX ks 8 X 3 involves both the commutative and the 


sasosiative properties of ene t 


~ 


22,, What property or Properties are dnveived in ‘boon of phe following? 


* a. 2s Kh oe k x 12 . me 2 ee 
be 2XZxkS3xB . 8 23BXb =e ZXAaxXE 
Ce OXEXE SER f AX3x2= bx 3x2 


> Bach of the ucbere 3, kor 5 in the product °3 x 4 Bd 5 ae R 


a called a factor of the product. “The extensions ot Cartesian products . 
“* tO more ‘than two. sets. show that adtaplieacias may, be defined for more 


than two factors, Of course, this is tmplied. by the closwre property; 


since aX bo isa vhole number if” a and hh are whole numbers. we 


may proceed to find the product of a x band c if ¢ -is a whole 
number, « By: the associative, property, the product is unique, however ‘ 
the factors are grouped. Just as we could ."pick and choose” pairs 


or ‘addends. in & sum, the commutative ‘and associative properties under 


multiplication allow us “to “pick and choose" pairs, of, factors in 


a product. > For example, 7 100 
te ve. Bx4x 4 x 35 x2 = 8000. + . 
i* rR ~~ , we 
“10 < : . ™ - 2 


x 


er . ‘ * ’ 


2 . 


‘Natural combinations yielding, tens, hundreds, and 50 on might make ~ 
ease in computations. Tobe Bure, for the seme product, one can a process + 


. to, compute laboriously as follows: 


. 
: 


sot & @ By See os 5 xX 2.x 


. ews uae matey ara ee ee . dade “35 ae ae — <0. —_ sce aa 


a ‘ , _ : sae * 


a . . 
‘ . 
‘ ar : a 
: : ; 
a . 
= - 
a 
’ % 
a a 
ew 110. 4 
- ? a 7 a) ~~ # . 
‘ Se ACS at : &e 
~ s 
Wan : 


eps eae = * 


Ae 
owe 


oe eae ~« ,| a "i oe ge . 
2 4 ETRE in, . 5 Pa a “% a 
Fa 


23. Show by grouping with parentheses how axXbxXc°R d may be 7 a a 


x 7 x 


“s 


regarded as a product inyolving 3 factors instead of a oe 7 ae ge 
ae ; 
each of ‘the. ‘following: ; - * ; + % 
- = >< , % ? ‘ 
Be 2x3xkx5= 2x3 x 20 e . a = S ea 
ee AK TMAK ES EKAXS YO! | : vee 
ee BXIXNX 5 = 2x 1AXS .  o8 oS , es 


aa? 2. 


‘ 7 : BE cg 


Aes ii The number 4h occupies, with respect to multiplication, the same i 
‘eae 5 -posttién that 0 occupies with respect to addition, Notice that, _ : 
’ ; : . . . L x 3 = 3 x 1 ss 3, . ° | : 
: — .Lx5 225x125, ° — 
~ s Lx6=6x1e6 se 
; : e. 
1xX8=8X1 = 8) ' 8 : . 
It is true that 1X a= a . for all numbers a because a l by. a | 
array consists of only one ro¥ having 8 “menbers, and sae the. °° F 


entire array contains aa a “members, 


a 


u ~ ‘ 2 ‘ , : a , BS * 

pe se _ eee : - . : . , pam ee _ — 

- its i e* -} ; - : ne ee . * ep its 2. 2 eo eee < 5 . or 
1xX5—85 > 1 Rb AG. ot 2X8 2B 


Since 1X asa, the number 1 is called the identity element . ee 

for amultiplication. The property is ‘referred to as the ‘property of 2° 

2 ‘under mabtipii cation . : z = af 

. : . » . . a an es “Y 

eae: a e Poy wis paibers % Lkaea atk ae A cp .% 
Because of the conmitative property under mil tiplicsition, we: ‘also 

have aX 1s 8 ; — s a ae 


While © does not act as the identity in multiplication, it does . ee 
have a special role. ‘The wunber-of. members Yn-a-—0—by--3-- -errey {that dah am oe 


_ is, an array with -0 “rows, each have 3 member's ) is 0 because the © 0 00 0 io 


‘set of menbers of this ‘array. is empty In general, if 2 8 & whole w 
nner BEE number of es Ss a ° by a array is “03” thus, a “ 


vv. ay 
5 A for whole numbers - a, 0X a=0, 
7, It is also true that axO=0. + va i Be .* 
; T7k: = N 
7 a . . Ps 2 


‘ ~ ; ee — 4 % ey ; 
e a . .  « : 3 at : . . : 
* The characteristics of 9 in multiplication of varinthi Dating” * 
— ts07 fo speak) -al] numbers except © in the product has an important : 
‘ 7 consequence. If any factor is 0, the preanet is 0, . ‘, 
‘What has been done so- far shows that soipiis oan as with - * ee 
. addition, ie an operation on the whole numbers which has the properties , 
* _of closure, commutativity and associativity. There is a special number-' 
1 that is ae ldentity for multiplication just as O is an identity 
- ee, for. addition. Morvover, . 0 plays a special role in ‘mijtiplication 1 for: , : 
a a ‘which there is no. corresponding property in addition, . b os 
» i . . a £ 
‘ There is another important property ‘that links the Operations. of 
: ef " addition amd multiplication. This peepeesy which we shall now study ‘ 
= is the basis, for e ple, ‘for. the ‘following statement: 
v . » eu 
“=o * eS Agee) Gay eee: 2 , 
: : ; . oo ‘ : 2 ee ee os . 3 of 
This example may be verified by noting that both ‘. x(7+2) ana f - . 
“= (hx 7) + (4 x 2) give the same result: = \, 
% "©. 4 —_ ee 2)=4%x9 = 36, — S 
, ‘ . i (4 x T)+ (4 x2) = 2B + 8 = 36, A Ae Se 
. oe me property ts* called hoa distributive property of mitiplication over — 
ee - addition. The alstrivutive’ property states that if &. b, and c are 
“7 5 any whole numbers ; then . . 
: a s ; . : “A 2 . 2 
ie The distributive prope rty may pe illustrated by eatin a : ° 
by. 0, + ’ array. : : . a . is 
bia: zs : E 
fee eke ea eee “ee, 2 : . 
>» * e i) e ‘e. . e. ® . ev @® 7 ». ® s . e| eo e 8. @ . . @ . 
: ’ ‘ 
be % 8 8 2 ee ee ew we ; . ib beSle 4-44 oe 
rea | 
lista ace arts 7 dee ee Se En CIE OY Oe eee Tee 
r : % See : 
7 2 ’ wok 
: . 2 oe my 
. t ‘ = *s nan on 
. x =) 5 i ¢ 
oh w ? ; * 
‘ i Ped : ene i 
meee . » 7 . ‘ a e 5 
: fe eS 
<3 32. | 
Ss o PAT a es i = : es a 


= aaa ~ = . “a ° ‘ + i‘ 
It is true ‘that this array is aes from an ~a by b arrey’ and an 
7 . & by c Seay: es ° SS Se . 
<8 ee et ne ‘ 
» z ok ooo . 
‘.. be e ae ee} “ye ee 7 ee eo . . 
_ Pay 1 a 4 ; 2, 
: ? ee @ 2 o! ‘ >? .3 2© © = @ & 
= a : & { . 3 _ ; A 
.? >, 4 a } — : & ; . ° . 
e ee es ee : } ee © © © @ 7 eo. : es 
, - An a by b array , 2 An a by: ‘@. array 
- Consequently, the number ax (> +c) Of memberS in the ee array 
“18 the sum of (a x b) and (ax e), the'numbers of aes, of" “the 
‘subsets, . That is, a x re +o) = (a x bd) + (a- x e)s, . 
Since mltiplication is combative, both the "Lert hand” and nd 
the "eign hand” distributive ‘properties: hold, that is; = |; ee 
 ® pe ~ of ou 
ae — Left hands ax (bv + ¢) ah ce: + (axe), and. 
_ Right ‘hand: (> +. Sy Xas (bx a) +c x ale 
‘For ae e, by snpee: ‘Metrinutive properties, _ = a 3 
tee Lett heria: 3x (5 +8) = (3x5) #(3 x8), end 
. : | Right hand: (44 7) x 2 5 = (x 2) +7. x a)e 5 
Ne . 


‘Recalling that when .we say A= B we mean,” A and -B- both name | 
- : the. same ‘thing, then if As By it really makes no difference hethar 
— wée'write-A=B or Be A, With this in mind, since the left hand 
. distributive property says that “ax (b + c). and (ax >) + a e) , 
* RAMs - the Same pumber, the’ statement oe 


* . Fox. example, 


} oe aa ok wee Bate 


rs 


wipe 


mend 5) + ee x oe 


TRG 8. 


(#0) Ka Soa) ¥ (Cx a) * 


lB. 


tb a) ¥ (ex's) = (b+ 2) xan 


, 


vv 


, ~ > . ; t = 
‘ , P i. ax (vee) = (a Xb) + (a xo) . 
eae can equnl ly: = be written BB . ae i 
oY ‘© (aXd) + (axc) sax (b4e),- 


et 


e 
» . a8 
re 
» 
? 
at : Z _* 
a fe." og 


© 


Similarly, hin right hand distributive property may be expressed ¢ as either 
* ah 


. 


~ 


J ; = ‘ \ 
For efample,  .” =, Pi = — _ ot 
a oy Die ce ag . 
zt ls The aigbrtbutive property is very “iuportent’ as it eI ne basis for °C he: 
. in computing tim product of two numbers. o ; . ” 7 ' 4 YO ‘ 
—: : eo _ = *. Lett hand: (5 A) + (5 6) = x _ . * 
a ee a. — 3 “35 X10 = 505 also 2 : 
Right hana: (7x9) #43 x 9) = (T+ 3) x9 , oo 
. er ee . - 
* The eae may be further ijlustrated by the folowing saa ; . 
a. ' (9 x17) + (9-883) 8 9 x (a7 + 83) = Manse: ‘ 
oo (ak x 17) + (26 x 12) = (2h + 26) ‘CLP = 50X12 = 850; lee “ae 


: cor (Bah x 73) + (16 x 673) = (54 + 146) % 673» none, PET 


eae (8h xX 367) + x 633) = 84 x% 1000 = 8h ,000. ge 
Problems oe a 5 a , - : - , ‘ | 2 
- _ oh, Use the dis sributive Ereperty to > comput each of the roltoving: . 
. ae (57 & 7) + (57 x 93) . _ pe 8 es : . , m = 
(508) + (57 X93) — -taatts ‘8 741) . . #.. 
as 25. Show that, (37 xX 5) + OT % 5) ="57 x 10 wy the distributive . : . ee 
| . . Eroperty« ss \: 7 . ; _ a : : 7 Ps a 
“ ’ : . : . 


* yey 
One might question Vhether addi tion Aistributes over mul tiplientione , 
U “That a is At always the case that oS sk * ee pe 
- e 


: (8+ (0) = (ae vy xa + of 


* 
. ‘This would be false if any set. “St numbers .B, db and c "ean be one 
“that would disprdve the statement, For exampre, ael, bs 3p and: ~  e 

o .' os 2 may be tried, For these values,” = os - us 
ae : “as by la #8) 5 (103) x04 2) Wx gee. saves 
SI RE * @ ‘ 
7 ~ 80 at peers be Stated that» a+ (o x e) is always, equal. to 
“y, ae ~ (ax b) o (ako). coc: : ; : : - : . . ie ee st 


ss ‘ ’ a 
‘ = ~ 7 ay ar oo ~ s 
~ * . < ‘ z i ‘ . . sé 
> : * Qa ams ‘ 


33 : eo wee te 2 
a ‘ ¥ e y . why ; 
Summary of Properties * 7 oO - : . “ , . Sy Bh Looe 
_— 5 : ; a : ; . aa) JO 
—_ The properties of dition and mitiplication ae eieete sO tar 2 es sae. S 
* . 7 7 ‘ Ps . oy 
for yhole numbers mebc summarized as follows, | where be > and c sue 
mn ard’ whole number's, . y 4 . : _ aoe 
» cl. | Whole aunbers are “CLOSED under addition and mitiplication , . > a 
. -a+b "and 8X b- are whale numbers, os 4 rn — Whe 
Wwe is . — 7 3 i 
2 adaition and multiplication are COMMUTATIVE operations _ oS . 
ee vo add He and Bede DKA ge x * : - oo 
oe Addition and miltiplivation are ASSOCIATIVE. eperations % 
; nae : 
& (atv) ycHa+ (vo +c) and . (axb) xc=ax(dxe)s, 
4, “There is an IDENITIY “element . ) for addition and an “TOENETTY: : 
el ement 1 for maltip] ication | : 
y a+ 0 =a and axied “ - &  & os e : 
. a s . a 5 ra x ay ea? 
oe, Muldiplication is ‘prstRIBUrivE over addition . : 
= ax (bs 0) = (a xd) # (axe), , a ° 
, : : . = a] 
6. . Zero has a “special multiplication property a ae Oy _ 
=) . WeLetphintin Using the Number ine : :e* ss oS = 
- Through. the nk otaeetation or mltipiieation « as ‘repeated addition, y ; 
oe aoa may be illustrated on wpe. number line. For exemple, an 
7 a 5 
3x4 means 3 ae each addeya ving hy That is, .: 5 4 es ee 
sy, | Bale be ke a ° te > “ 
Therefore, this may be represented by *3 successive arrows ‘as shown velow: 
ae \ .% , * . , ‘* 
: ee ak Be h 4 2 P 
po . . 5 


pO e385 6 TBF 10 42228 
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a ee ae ee ee a ae Be ek oe i teeta cate 
= e = § ay 12 i, ~ 4 
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'" 3xhele ee 
: ™ + * % ae 
7? i. 7 . : — 
. _ * a a a 3 
. a : ; ‘ ar : Wa a 
2 . ; <8 ; 3 A 2g 
35 -* : 
e : i : oO : a . : : a < ; 
\ «SEE LO : s rr _ & a a eS a rE ey 
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a > ba y 
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‘On the other hand, oe x 3 _ means’ 4 addends: ‘of 3. 


r 
: ‘The representation 
fe on the number line Is as ; follows: , 


re ¥ “ ; a 
? af 
x 
7 
: ro 
r Ny : . \ 
aa _ 7 - . x 
| eo | 3 Fw 4 
* ae use : : » pas Go & * 
arr . . ‘ yO ok : ; ux 3 =-12% : ; *~ 
tof : é a 36 bY . 
. ; > <5 : . 7 = . sy 
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A&B we can see, the two ‘repregentations — are different; however, 


“both of these yleld the same result,. By cowbining these two ina single 


: ’ dias tan: we illustrate The commipani ve property under multiplication. -_ 
if ; 
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ae When more than two factors are invoivea, ‘this too. ‘may be illustrated, 
hs For example, to show ‘(2 x 3) x. -4, We have. the following. ; ‘a a 


? . ’ e ™ oe 


ae -O01234%56— . ae 18 ao. io ~ 


2X3 “ON3 2 se BxPse BRS . 7 Fs oe & 
te egy ee 
| (2x3) x4 = oh . i 


; * 5 . : ’ 
. i 

2 . . “ a ra ‘ by ‘ 
* 7 Sy 


Likewise, 2 x (3 x 4) way be shown by obtaining two (3.x 4) Narrows" 
a and abutting tiem. By combining the diagrams for. (2 x 3) xX 4 and . 

er 2 x (3 xX &),. associativity may be illustrated, 3 ; *. 
_ Problem , ew 2 oe - 4 i = 3 
. 26, Represent multiplication on the number line for ext3x a, 
> a ‘ . a ry 

; | | : ; i” 
® yumber Sententes . ; “ a ~ 


In devéloping the properties of ‘numbers: cand various ‘operations on ; 
numbers we have been using a rather special language involving? a x, sae: 


os ae Symbol, , for ‘ieee such as: i, 53 2; 9, ae eens 
: . . ‘Symbols for operations, such ast +, X} | 
and Symbols showlng rélations ‘between numbers, , : 
ba. such as! + De . i.  S a re 
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iceiaiekantisaxnicsadackec Rg uk at oe Gi ONS s - aad! Kb ar “Bae eeutieaeenels. . 
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A great deal ot mathematics is in the torn of sehtences about nuibers | 
or sqpmber sentences eh they are called, Sometimes the sentences make true, 
‘statements as in ag. + 5.2 1h", : sometimes the number sentences are false 
asin "5 + Falk, Whether it- is true or false o- more disqualifies ; ‘ 

8 the statement as a. Sentence ‘than the statement, se Washington “was , 
’ vice president under Abraham Anpcete: is a ‘disqualified as a sentence, 


Any number sentence has td have a "verb" ar- “verb fora”, The ones 


we shave . -engounte red so far are: "1s equal. to”, "1s less than", "4s greater 
than”, ‘The “symbols, which we use for these verbs are listed ‘below with a 4 7 
nutiber sentence illustrating the use of each. -. ; . : : 
, : 5 ; = es Tee , pee 7 : : 
ee "is equal toe") 3th aT, a 
: a é< "is less than"; a Se x5 . ws 
SF “is er than" 7+ > 7 ‘a . oy So meg 


As we have noted, ae sentencas may be tries “‘Gedrel Washington 
_ was the first President of. the United States ” or fatse: "Abraham Lincoln 
_was the first President of the United States,” We ‘alo encounter sentences 
, such as: "He was the first President of the United States.” . If read out | 
. of context, res may not be known to whom "he" referrea and it may this be ‘ “3 
impossible to determine whesher the sefitence. is -true or false, In fact, ~ . { 

"T7] was the .fikst President of the United States" may be a test ss Sa . 
requiring . the name. of” the’ man for which it would: be a brue sentence, r “ = ae 
Sugh a sentence is called an open sentence sentence end is of great usefulness: a. ae 

: not ‘only in history tests but, in many other “situations as well, Open au 
number sentences Are the pasig of a great” degl of work in arithmetic, . | 
Solving a problem in arithmetic, for example, incorporates “title He gion, % ° 
“oF an open sentence, As an PRATER ESN the problem, 
; . ‘ - 4 «G3 
2 


* may be stated: 7+ 5 =[] or 7S es )° ‘i : . rs 


yO 


The number that makes “7 + 5 [7] a true,statement is the solution, for 


res eae iad Reveals et aaheg ata aia Nastia Gre Rik mG octet Bad: Cees cree ua ea aaa! 


: Open’ number sentences’ are called equations if the. verb in them is "e", _ awit 
Sentences with i ot> the other verbs listed above are called 1 moghalities", 
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v ae Most 
P a = oe ; a re ee 
: : 3 . 2 ; 7 : . ~> . ; ; . « * 7 wo: 
Problem - > i ~ ge Pe ~ , 2 ar se, Re 
aie entre eed ~ . ™ 2 }e : re . 3 . 
> 2 e bs . ; a. . : ay eee 
27. Wwite <, >, or = in each blank so each mathematical sentence 
~ is true, . 7 : ; 4 ; x . Se a > y *. 
. : > : ie . : 2 . ~ , ee ; : . 4 a a 
. a & 6 ; os - . 
: a ’ : 


$e 3 - % ae 16° bi = ry ; ame Pate 7 : + 4 e . 3 
c. (20, + 30}- ’ ey (30 + 20) aa _ a ; x A ar . . a », wo | — 
a. (200 + 800) (200 + 7003 a, = 
. Ser oe . ; . i ee eS . 
or e, (1200 + 1000) (1000 +1200) _ oS ee oy : ‘ 


: . . > i nn J 3 2 - > i . . 
- Applications to “Reaching . e .” a) an 
Addition is associated’ with the union of disjoint sets of objects. - oe 
*.. By” this, . the commutative property is clearly illustrated; whether we | ae 
join the fires set to the sevond set or the. Segond set to the first, ed 
the union consists of" the same menbers, Recording results of, Joining mts me 
2% sets ‘using numerals may cause some difficulty without some iritermediate . > 
- -. ? ‘steps, For example, from the diagran . : » * 
ss some children nares not be able to proceed directly to the number — — 
, sentence , 5 tls = 6. % 
. A suggestion is to separabe this problen into different tasks. yO: 
_ Use of the- “flannel board to display objects” in each set will be helpful. ye 
. Then the ‘numerals: may be written below each picture ‘with the numeral we 4 
_ for the. uatoh Showing the addends, 
7 ? “ ia 
. ¥ . ‘ . 
¥ ; * . a . 
“ERIC: 
- ENC. 


. : ‘ » ee , ~ 2 . * . w 3 
wD hoe $4.04 1a ee os ae ‘ ; » 
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This may be followed. by a review of the procedure the next. day,. | 
_Witing 66 below 5.+1 and finally, completion of the equation =~ © ,. 3 


. * . : ‘ % o. 
: a = > . : 
me 38 s F a Reig gO A a . soe ; os 
< : ‘ i ee 


in n forming their own, Sentertes to accompany a pt atorial si'tuation, 
some children may have difficulty getting the “s" -sytbol ins the right * 


- 


<4 place, Drawing a double Line between. ‘the appropriate cranes may “help Se 7 -_ 


with’ the association of ideas. an me ee . 


‘SS ~~ 
The use of, the names Line has b reported os ee extremely heipful ° 
A number line i's fastened to each child esks the child eventually re 
. Speraites independent of ‘this: device in encer’ with his own rate of _ 
a “° development. ane - i ie . ge 
> 7 . Coustekirigy ere mitipliestion tiay be conveyed by arranging ; ae 


chairs facing the board, for example, in’ an array or 10 rows, 
2 to each:row. ‘When thé chairs are turred 90° From the original . 
direction, there will be 2 rows, 10: to each. POW In each ease. os 
ag, £10 x 2 or 2 x 10); the number of children is 20, 


. | The. associative and distributive properties’ are not presented until 
the secon gerade, To illustrate the distributive property sabks; “. 
each containing," say, 5 red blocks. and 3 yellow blocks may be used, 4 
Thus, in the | sacks, there are 20 red’blocks ahd 12 yellow blocks, . 
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. or, 32 blocks. .- . 


, | arene ere 7 Fe. 
a . ae , Exercises - Chapter 6 — = 
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r " Show. bys trying to indicate the steps in repeated addition how the eo 
~ Séommitative property “Or multiplication | woula simplity the celculetion 
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* What mathematical sentence is suggested by each of the. atrays below? | 7 
. Be . a e e Py 2 : , Dy a) a = . aS 
, P f 
. - e e 3 @ > ® " : z . bi : . 
ce a. : . 3 
3 . 
x. . = 
Mr, Rhodes is buying a two-tone car, The company | offers tops in, 
5 colors and bodies in 3 ‘colors, ‘Draw ‘an array that _ghovs. ‘the : . 
: “various. poasible results, “assuming ‘hae “none ‘of ‘the body colors = ee - 
’ > oe 
are’ the same bs any of the top colors. -* ” ae age 
. ‘ _ a . x a 
Mr, Rhodes. is buying a euoekone car, Gclions: available for the. _ * 
top are: rea, orange, yellow, green. and blue. Colors “availbble ~ : 
- for, the body: are: req, yellow and blue, Draw an array to show an 
the. various possible results. If Mr. Rhodes ‘insists that, ‘the car must : . 
be. twortoned, how many" choices does. he have? a aa 
A ensemble of sweater - ‘and nie: is oBfered er the sunuien eriete 3 ‘oat 
» in five different ‘colors. and the skirt in 4 colorg. The skirt ‘alsa : 
comes ‘in elther ‘straight. or flare style, for gach of | me 4 colors. . 
How many different ensembles are possible? . 
Here ‘is an array separated “into two sualler aYYayse | : 
> 2 ee 8 ek 2 eo s ee, a >» @ a's 7 : 
4 ‘ — ° ny ar bl = 
he eee © a : e es oe ron ee 
(n=%&x8) * (p= ik x 3) > ta =o) 7 i 
» Arrey'A i 4 herey B * ‘Atray C - be : 
Be Bow many satan are ae array A?. “array, B? aarpy Ce ; ae e J 
“b Does n= pq an a * 
a Does b's (hx 3) exe) ° 
7 . e : 
a tne 7 a By 3 £ - 
: ¥ ; cs 180 . ~ oe . 
. : < . woof ‘2 a 
ae 8. = qQ. ; “ 
. : s 7 ae : ah 
, : ae. sw. t 
° wT ar: . eee 
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a > ca . 
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* i . + saree ard 

. ce . . aS a4 » r Ls 5 es wage 

© wets = 2 . zg sg 4 : : wea 
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ts = A familiar puzeke droblem sae for planting v0 als in en: 
a, ” orchard so, there are 5. rows , <b, OF 
i with) fs trees- in each a8: The - 2. @ : { pag 


Th the figure to the right. ‘en te a a pe: cae 
« .. Why do ent this ater iLiustrate «the product of 5 and 4. 4 : 


ve ob. | ; 
* 8 The middie. section of an auditoriua seats 28 to a row, and each : oe 


side section seats ‘ll to"a row. What 3 the “capacity of this 
a 7 auditorium if there’ are 20 Buch rows? a re _ ae 4 : 


en Sahat. property of nuwbers is used in the foliswing regrouping? eo 


Yar, og « eo ake 196 + As + 2ub = 100 + ahh 2 “3h, 4 :  . 
= soe e 2° Y _ . 
, 10. Use the commtative and associative properties 4p het t the ansyer 


ae : quickly by "picking and. choosing" appropriate conbinatibis: 


= aida Sek col ict anne | ge . . 


7 Bg . t . Y a . + 
ee B. ISX TXERE we 8 oe Se wee 
a an 250 x 1k x Ax 2 ° ah 
a a . . om oa at 
“a <a >What does the following operation indicate for 3 x ee" . aes 8 ' 
es : rare —— yo (fo = 
Ste pet Qe ah es Se a : 
vam oo . a x = : : os t . = ‘ aot, iY Sen a ws Ss eee 
“12, Make _gach of the foltowine a true statement, iAluptreting the 
- distributive property.” 7 ; ae : Renee ee ' RS 
wee we x (hee ice ee — i - “° 3 


3 4 
77 be 2x ee ae x5)? , a ee ; oe in 
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: 255? ae te a” “18.8 set, give a ‘propéer® subset B of A ‘such “that, 
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. OB How does the above reconcile wath ms concept of wing aif joint Dees 
- f ets BB models for the. ‘sum? : Bi pcan a 
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Solutions for Problems 

~— bes ae 025253) 7 SS (2,253)445,7,9). 
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ex3xh=ex(3xk) = 2x18 ~ "associative —_ oe Sm 
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(2X3KM = (2x5) xd eas : agsoclative | a .sk # 
2X xk sexx 3 ae commutative - 49 8 


2x3xXk=3ZxKaxe COT. commtative 
BM3XEXS =o 2x5x(NXS) oe EXZX BD | 

2x3xkx5 (2x3) xKuX5F SEXES. _— 

“ARS KM KS = 2e(3 KM) x5 RK EK ane 

“(SK 7) + (57 X93) = 57 x (7 + 93) 357 x 100 < 5700 . ts 
(57x 8) + (57 % 93) = (37 x. (1, + 7) x (57 + 93) ge ES 7 
; (51 1) + (71) + 1X93) = (1x2) + OTE (T + 9801, 

(57 x 1) # * (57 x 100) = 57 ¥ 5700's = 5757 . a 


t 


# . e " 


4 Oe. “7 ae 16 20 al, _ «= | oe 
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& .% . E 8 i 2 . 
. . ; ae . : . “ey 5 . we, $ 
. ’ : oy Sis " : . . m a . " : - 
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- - Chapter 7 ' . | 7 
8 . i .- + . a 
¢ 7 . SUBTRACTION AND DIVISION: oes 
a. a & wy Fw, : 


e “ * F . y > 
: 5 ’ 


The Remaining set . ca 
‘yar A= : (Cornelia, Sally Siaays: Emily, Elsie, Rivera, Dobwles) _f #ie. 
and if B= (Cornelia, Sally, shity,* meter, ‘then B is. asubsebof A, * 


~ 


“When ¥ ¢B -is specified as a subset of A, ‘another: subset’ of A is simil-— , 
. taneously ‘specified; measly, by all a elements OF: x ‘that ate not. 


A and B- are as ‘aboye, then ‘co is the ‘remaining set. 


elements of 8B. In this way, an operation is defined, producing from 
A and B, a set: called the compl ement of B rehative to A,- or more i 


simly , the rem emaining Bete Thus, tf C= (Jiumy, Edward, Douglas}, and — 


a3 ary t+. 


Together, the union of B. and C is A,-- so the two subsets - = 
“complete” the given Set. Since Cc is compased of elements: that are . 
not elements or By ‘it's clear that the {atersection of B ‘and Cc | 
is the empty set, In fact, these last two statements, can be used as 
the basis for defining the relative complement, or remaining Bet. | ‘We | ae 
denote the operation’ vy ‘the syabol a" » read "wiggle", : For example, a 2 


ag. R= (0, O,9,.,)) and Be {0,0}, then A- Be (Ase D)s. 


‘ or course, the goal is to connect this operation with ‘subtraction, so ee a) 


' of Aw~B As 3- In generkl, it is true that 


oa oe 


» the one statement, . 0 SPS 83 that ib, the number of elements. .B 


qnd “this ‘goal. is inmediately achieved" by looking at the appropriate 
number properti es, Note that in this example, the number ‘property - 
of A is. 5, the number property of Bris “2, and the number eee 


NA B) = MA) - MB). - a a 
‘Since the definition of A~ B requires: B. to be a Bubset of A" 

there. are evidently eestiichions on B,.B can be ‘the enpty set; B. can 

_ be identical to A; these two sets, A and the empty set,” esteblish the 


Limits on Be Consequently, ar Wa) =a ana N(B) =b, we have the — 


restrictions ° b>0O ana - “b ga Ge (the eymbol on “combines” nh and Beg 


= is Canrenenre snuamelnn 


‘to “Indicate —T greater th; than or or equ to"; similarly n ra rT paree | : 
“he less than or equal. to”. The: restrictions can be shoozporsten into fn !|CU 


can ‘range from 0 to the number of elements in: “Ae: ‘These Aimatestons ps 


‘ 


» ay ~~ 


a ee : ; & > a rss 
> 7 a aa 7 soe a 3 
; ’ 


8 , Sy) a : an 
: tor ‘subtraction are eventually relaxed when the set of numbers that we . 


have to work with Is extended ‘to inciude more than just the whole numbers. 
: The pattern of deve lopment proceeds thus: from ‘observations on couplenentation, ; 


: - 7, the characteristics af. subtraction are examined ; from examinatyon of the 
= characteristics, the operation. is extended. : “As a rebult, nusbere other : 
4. ~mee mumbers: may be introduced. For example, 4 
. 7 : : : . ; iy . . 
is * if. A.s= {a, b 3 cy a, e) and > eo a a. : 
, - B= {a,b,c}, then A~B-= (a, e}. Sa aoe 
. From this, we get the difference - pe rn <a 
° , ; , : 7 
cn & ° “ N(A) ~ N(B) = NMA~ BY} thatis . . 
; p * 

; ? : : * . N 5 ~~ 3 = 2. 


x > y . . ; y 
» 


The statement, s - 3 = 2, may in turn trigger the aieetiod whether 
a ons may be defined for any two whole ‘numbers, For example, is , 
3 - 9° defined? If we Limit ourselves to the set of whole numbers, 


the answer is "no", But by reassessing the behavior of subtraction, it 


e*4C 


is possible to intrdauce new members to the number system so that sub- 


. traction is ee defined in the system, 


aaa The eras s; 5 B, brings out. two important features of the ” 
subtraction operation. Since. no whole number 1s the result of’ 5 8, 
’ the set of whole numbers is not closed under’ subtraction. Contrasted os ; 
with 8-5, which does yield a whole number for any answer, we see that oe Sa 
_in general, if a and bare whole nunbers, it 4d not: true that a -b * : : 
Ls, the same a8 Oe “Baus, ‘subtraction ts-neither-ctased nor commutative. Se 
“These are negative results; they tell us some of thé properties “that 


subtraction does not Haves Nevertheless, these are “important results. 


a 
. a 


Subdtracti a8 ‘Inverse 


. x‘ 
om ar 2 


- Subtraction 1g not restricted to only negative results, - " however; 
nor is the operation of getting remaining “sets “80 restricted. A noteworthy 


result may be stated thys: Vy : , » 8 
) . hempeas 7000 
a oe ee baa ke FL See 2 et mer Tee ee 
2, a th ords : Tf 3 we oo & e 5 east Bet Rew = and then form the union 
: of it with B, we have the oniginal set, A. Diagrammaticatly, the — 
~ situation may be iTlustrated as follows; a . bi 


Similarly, if we start. out. with: a set, X,_ and join a disjoint of on 


set. ae (Se tose tee Rt te taketh commana ot rennttye 
*. to -XUY, then we have (XUY) ~ x _ which turns out to be X, the! ‘i 
original set. That is, 0 ; : . os . 3 3 


4 ~ 
Y 


Quy) ~ = v 8 2s ts 


ey 2 5 
Because of these two sia we say that the ynion and the complementation 
vare thverse operations, In effect, one- operation “undoes” what is’ done by 


‘the other, Corresponding to these properties ‘under the set OPE SELONS we’ 
have similar properties: under addition endl subtigaction: ‘ a 7 
= + = if a and »b — whole Funbers, and , s.° ; 
b<a, then (a-b)+b-= @ and : et 
Ss . (atb)-bea he. oF a 3 
Therefore, subtraction and addition are inverse operations: whenever ‘the & 
“two eyseet rons. are possible or defined, | Se foe eet a oe s . 
‘ : ‘ , : ; ‘ a 2 , 


Definitions of Bibteection 


: We — defined the difference as the number property oF the vengining — 
b is a number less than or équal to & We first choose a set, Ay , 
‘such that N(A) = a;- next we pick a ‘seb, B, which is a, subbet, of A. 


and such tha, N(BY= 6, ‘These two sets determine the rerhining set, a" 
, f. Aw - BS The numbdr}. a - ob, da the number of° elements, in A ~ B: i - a = 
og é . ~ . hoe 
aN a-~ b= NA~B).- n 
” ” For rae: if a. 25 and be 3, we “can choose “A to be the Bet . i . 
; ; ore cael 3 . te 3 
—— Next “We CaN eREOeS B to ‘be the -pubset” ees ie ale “ee ia oe 
, . ‘ . - we B Zs Ya, *)}. ma : ‘ 
. 7 ; ; ‘ } | = ; 
es ° & re is acs: ~ . > a) x ‘ 
a 


ae : ee > 
a x = | : 
"Mens ; oe 
- oo s = (0, a,é}. 
- Now our definition tells us that _% : ‘ : 
| | 5 - 22 NMA~B) +3. | : 
‘ : : Note. that if we x made & different choice for B, for example. 


ve cape BEER 


. 


the result would’ be the same, Also, if, we had chosen . different set, 
A, tor example A= {V, W, X, Y, Z}, and any two menber subset of this 


set as B, the result would still be the same. ; _. 


+ 


Prob lem”* 


ae Use this definition of subtraction to cempebe in detail Y - 30°. 

: -There isa "second approach to subtraction which does not use the. . a 
idea of the remaining set, but uses the ideas of union of disjoint sets’ Se 
and of one-to-one correspondence. Tf a isa number ‘and if b is a, 
number with b<¢ a, we start by choosing a set A with N(A). =a 


ep sce) a set B daisjoint from A with N(B) = 


Next we choose a set C, disjoint frog both A “ana ‘Bo in such — 
a way that A and ( BUC) are i one-to-one correspondénce, That is,” 
there is a pairing of “the elements of A with: the elements of BUG. 
- Then the second definition of subtraction is: 


2 , ’ . : : oe ~ * — ‘ _ 2 
a ‘ : ‘ ; i in : b= WC). ‘ ee 3 


- 


Lee In other words, having chosen appropriate “aisjoint. sets <A. and B owe ; 
look for a third set C with juat the right number of members 80 thab °° 


: » the union of this set and the set B will exactly, match up with the 
“+ get As The number of Thenbers in such a set c tells a “now mith =  —° ° - : 

ei A is then Be ae . be, a So Sos 

a“ y 13 Ae an - 

° a "As an example of this definitiwn of subtraction let us-again use - 


a e5. and-h=2 A can be the same set (0, AG ,* €)- as vas used 
= but 'B must _nbw be 6 ‘Qisjoint» 86% Nath: 2 members. Let 


a i oy oe waoee | ot eeeteeeeeneinnne anim sean 


= {X, Ye an ‘attenpt to get a one-to-one correspondencesbetween the 


: ‘2 elements of B‘ snd ‘the elements of a may result in the following, 
? . = : . m= , > 


2 ars . ee o: & soy . 


“Solutions. for robleme in this chapter are on page 208. - 


a isaac sleet rene wowe 


~ : : ed ~ 7 
. . ” a a 
a t a 8 
: : 190 ° 
us . \ ® 7 y 
O99" 
‘ ~— 
a oY . 4). a a + 


from B),80 that BUC will match A. Thus, if ¢ = (a,8, 8}, then - 
‘the elements of BUC. can be put into one-to-one correspondence with — 


: B= (X, Yj a. 8 s 7 - 4 . 
A= (0, A, 0,%, 6), i st - eae 


.Y : . . oe 


Venviae: some eteuenes of A unpaired, We look for a set, Cc (disjoint 


those of Re 4 _ _ ses 
“i Buc 7 ' i | $} . , 7 . oe , oa 
Ww wo . ? 7 . e “ z aos = x 
. Now by ‘the second definition of vec, the result of 5-2 is - : 
- the number property of ¢. Therefore, 5 - 2s N(C) = 3. The. most . oO 
important thing to say. about this definition of subtraction is that it . a 
always gives exactly the same result as the first definition. . 
Problem” a ~  # 
Le eaaeeietnaememntneetel : ¥ < : : 7 ; ae ‘ . 
2, Use the second definition of subtraction to ‘compute in detail 7 - 3. _ 
. AN . . . . ; . . : ‘ ; Cae 
Now the question naturally arises as to why we should bother with 
*gwo al ffcrent definitions if they beth, sive the same veaulta, Why not . 
‘ "sage just one of them? a ; ee. _—= He & on 
“4 the reason’ @s that there” are two mies different kinds of problems ate . oe 
. that we commonly niger and it is important to know that the same ‘mathematical . 
* saparettan: ean be used to solve both kinds of Broblens ve : 
: ‘The Pirst kind is the "take away" type: : a , oo. Pe 
. "John has o acllaxs and loses two of ‘them. “How many dollars a: ee 
' does he have Lert?" a - ar , ip & 5 ae 3 
The second kind is the "how many asec type: , \ : 
"John has 2. seavar, Bill has 2 dollars, > How qmany . : - 
more dollars does Bill. need ‘in order to have as many fe, . ae - ° a 
oe John?” ; . a aa _ ae 
r the ‘Fizet definition of subtraction fits: ‘yery well with the ° 
"take “away” type of preptta, and the second fits very well with ‘the ae 
, “how many more” type. _ But in eaghaese- the problen is solved by © ad 3 
__meana of the aubtractLon: | y~ 203, | ne * . : 
. ~ a go a ; : . : * vk & y a ° vies Se 
ale, oe * -- 292 an os fe ee 
‘ . : ae ' x : ay ca 7 
€ oe ; 3 / 
v aes - i 


ate : 


” 
€ 
“ay ao 
ee’ 
* * 2 ™ 
ae 
9 


" 


SY 


o 


. 


. i, 


“it is true that ; a 7 an Seo ay Bs 


NO tae 


+e 
4 
« 
t 


‘ 
2 
3 ” 


. 


~ The statement that we have on the ny page, relating addition’}o .. 


subtraction, namely _ : 
. aS . ; 7 
(a -b).+b=a, : 

gives us yet another inbight into the concept of subtraction. Tf a-b 
is some number - ‘c, a we eve t a " . 


ie 
- mf . c +bs a, 
bc th 


Tn other words, a y is. thes number ¢° such thet aect+b, This 
is why we can say that: Big , 


. 


a 


e a-be=ce Af and omy af a= c +b; 


these two statements tean exactly = same thing. 


From this point of view, subtraction is defined as the operation 7 
of finding the unknown addend,..c, in the addition problem 


ase b : 
since this is the Same number as a - b.. For example, we can state that 
3° -2 is. 3 Because 52342. 

Aisd, since we ae that both ~ _ _. = © 


- 


5S eae 64% - 


Peer ere 8 * 


‘In general , any Saditics Fact ate us “two subtraction facts sutomabically. 


mn 


Problems ; = *. a “a, . 
3. The bwo statements a+b e jand & =c+b “mean. the same thing. 
¥ 
Working with whole numbers 6, x, ‘and 2 show the related addition . 
and subtraction facts. “te . *s ~ 


$ : es 
h, Whed would it be that an addition fact does not give us two mubbraghton 
. facts automatically? Ye «a . = 


There are two easons why it As. ‘important for teachers to understand 


ore 


st this way of thinking about subtraction, as well as the first" “owox The" = 


Pirst is that this is. the way that children’ usually think when they tare 
developing their B8k1116 in computation, The second is that as children 
> move > through school, and otudy other’ nae of nunbers. , such | as 8 fractions, ’ 


- 


en ian 


a 


2 .. = ; : i 
3 e , + x 7 
3 . . * . . 
decimals, negative numbers, ete.,” they will meet this- idea of —— 
= subtraction an “terms of addition again and again. _ | 
7 . . tt ‘is fansrcase to realize that all three definitions of subtraction 
= are equivalent and yiela the same de a .. 
Properties under under Subtraction — 4 ns 7 a ee, 
: SN ee : a n , . : 
We have noted &. property of subtraction that points to 8 vole 
as an ‘inverse of addition. Two properties of the whole numbers under 


+. this operatiog., that we want, to highlight now involve “the empty set. 
Recall that with ‘the union, we have > 


Y 
. the ‘corresponding statement fee numbers ds ey whole’ number By S 
va +02 
2 x y 5 oA ; ; 
By the apeves we observe that — ee Soe 
"as 0se ond a a-~0O ,-.. ; 
say the same thing. . Since. a+ros 0 + a, we also have O'+ a = 
“whith is the same‘as 0 =~ a, ‘Hence, in addition to the inverse 
“Properties, . . _—* 
8 for any whole numbers a and - with | &>bd, Ce ~ ») td = 
; . & - for any ‘whole nusbbies 8 ‘and Ce % b)-- b = ae a 
. . a AR goo: 38 ae : - ee < oo * 
. We have the following two properties of .zero under waperantrens ; 
. ; , x . * 7 RB. . wo <: 


for any whole number a, a - 0 = a; ; 


ne 7 AUL 7 aan oa a a 


a 
. 


me for any whole nunber By» a+ae Oo | 7 ot, 
Problems _ =e a 
. / hg 2 : . : ‘ : “y , .. 4 . 
3+ | By a definition of subtraction, we see that a-b-=c. if and 
+ 2. y only @f a=c+b, and that (a ~b) +b = Be Which properties 
gre ettemplified bytshé following? 
: 2 ; FG eI Ln Sea Tes Te ee Oe Ne RSET Ne RMIT nT a Tee 
ae (202 = 200) (4 B00 = B02 — # a 
. be fy - xs xey we + agg 
ee Uso -29) - 91 +5205, s 8s — - 
: i ‘a 5 + D's 5 . f * . 7 . « a xf 
_ ee 50S 5 a ee te 
has bs "o9 .  & 7 
a 3 : . - = , / ec 5 q wees se s t 
“ERIC. : | 3 : , _ 
Aor 7 ? 


i ir ae ee ee a ee Sg A Low eter. re 5 oe eo eo hedhae 
os bak ast ha ? .e & ad 24 So Ree 2 4 

PRE . Q 

_¥: . = . = . BaF e ‘ 7 a : % é : = : : 


6. “Does: the sentence (5 - - 7).+ Ts 5 wake sense for whole numbers? . a 
u 


° Te Show by the use of the Properties of ‘addition and subtraction . 4 2 
, that the following secegrey is trues = x 7 ee 
. LIER 2G wee) ody 7 See ge 
eg ’ Check that it is. true by. using several: pairs ‘of nuribers, se a” s x 
’ : % ee 8 re es ae * 
. te ; ma : 
Beenie: Subsraction U Using the the Number Line: a Hg Pe ee re: 


4 . Ir we consider. subtraction ‘with. respect to the represeritation ; o8 
of numbers using the nun ey, line,. we: can illustrate many of its, important 


processes and properties, Fae oe : s a + i" A e 


RCA : sats : . 
a’? . * * . : ee 


2 - What uF the answer o 9+ ke We. start on the e mug line at 9 - 
ar and fake avy or move. to the Left a units thus arrivi g at 5, which 
> [is our ansver, ~~ : = oa 
‘ : . . 7 * : - ’ . > . . . 
ete at. a , : a & . . “ 7 . na 
bare . . i e 4 ] t . 
myo — . _ a ae - i oan 7 an / . . 
=. . ; . re EP ae 75, _ : —_ : 
»% as ae 
, In Chapter 6 we illustrated the use of the ee rye to oho ete 7 ce 
Lacie. gosoviative property of: eadeetons sada ‘does not have the 
. : eee ee for... 4 at : o ee 4 nad 
A = i ; . : am 2 ; a = 7 a ee 
oe See Te OF yseee: Sere 7 ee ee 
: j Y ill 
e ss 13+ (5-2) = eg ‘10. ae on 
These, examples are illustrate ott gumber lines b: ous The first figute, 
shows tha ~ 5 = 8,. ana this. result is uset “to get 6 from 8 - 2. ail 
The’ second shows thet 5 ~ 2 = 3 and this resurtl is used to get 10° =, 
fron 13 - 3, = | ™ . ese 4 
Ta arn Sa a sanasesemacimesin Save sme aaa etme antenna eae Lene eae TT CEE FI Vere ae oC ere ee eA 
+ “ = s x ~ ig ; . _ ; 4 ‘ . : ae ¢ 4% . . , ie 
a a a SC sacnare . eacaaia Gk te ie 
a. . . ie . . 3 ee ie = = mt > = . “eu 
‘ ; “19h, ™ . - > 
o a * r . — ad 
— : : 
3 2 Rea : x ee fr ‘ 
ERIC Od: | 
> ~ 3 , ! a 2 


Nees 


* * a 
a pny 
* 
, * 7 a ; 
a 
® * “a 
N ‘ 
» 
~~ 
. . 
a 
a 
25 * 
. aes ore 
“ + 
: 137. 5 2 : 
‘ . ‘ 
‘ 2 2 
: a - a ~~ 
eee = x. ‘ y » % eal = 
13 = 5)- 2ome 2 AY ° \ : 
: a) . : 
. P . 
‘ : 
. . ya? 
. ~ : 
‘ 
: 
. 
. 3 
a 
a a 
a 
» * . : 
fies mn 
ee - 2 ‘ 
we a 
7 : : 
‘ ol 
r ar 3 
Ya oo 
¥ ws 
» * 
a We 
ecm . aoe 
oy 
. a & & 
~ bts ~ a’ x - 
, : . 
y we . » 
‘ e 
<a : 
“s * : 
x, 
t * ee a 
i 1 is 3 
a: \. at ae - 
: i a) eve 
» 
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sHeneé, it, Le" not true that (33 - 5) ~2 is the same as 33 - 5 - *2)5 - c* , Lo 


‘and we ) expres ‘this’ oy the numer ‘sentneee. i oy ae 7 fe ° 
ie ae ‘ rn  & 7 — 3 ee we 4 
aon : . so os - ~ 2 r 13 a (5 a 2), : . oe a ; AS ge : 
“a a g , : ary es me . . a ace 3 i eee *. * te} ae 
~ ; . . . . é oe . ee. Fi oo : % re az ‘i Kes : iM . - : 
_ here "the seed e -means “is not equal toM. — - so a =. Bee 

Sa i : ae an ”" * a Ss * . * 6 5) 

: “* > . ; x ‘ : 9 . : . aoa ‘ ¢ ‘ ‘ wa S WR 
a * % * : » a hg . 

Sy - Division, = oa oe a . » gid : . where 

aa < ° = e x : . .. 


. 
2 


. ~ Tn the preceding: chapter, a a rectangular array of | a "POW | with b oe 
sags “ — ‘tr eatin TOW Was ‘Used ais” a “phygtear ~model ‘fora be “Fron 4 this 7 | coer 
- and from other models, the ‘properties of mul.tipli cation for whole numbers . 4 a 
were developed, Wa, saw that mitiplivation’ of whole “nunibers has the’ _ - . “a - , 


properties ‘of glosure, commtbativity and ‘asso¢iativity, ang that milti- ne 
plication’ is ‘Astributive over. eadition. Also, the nunbers 1 and 0 eo a 
have the special properties that. : oe ” ctu * oe ; 


we 


a} wen, 7 a 7 Le Lo : 7 eo 7. 
. a7 . é 7 . : ‘ 


Me . ; a 
aa Me ge wie ES gs rn Lote a re : _ : yet os 
en eo en ee re ee 


Uxkesaxlea, and ee ee + 
Oxas ax d= 0. as . 


S3 ’ The firs t three properties exactly peceitees the same three properties 
> fox. addition, and 1 plays. @ role for multiplication closely corresponding ; 
4 _ bo that of 0 for addition. The similaiity in behavior of the two operations st = 
"leads to thg | question as to" whether there is’ an ‘operation, which bearssto , : 
a dee mitipig bation a slimniler relation as subtraction does to addition; namely, = 
ry an, inverse or undoing a “The answer to this is = ts — - 
valled division. 3 a 4 ; ; ; * 
* ter haa: the ‘product hx a, we gprated the nitive of meubers ina : 7 : ; 
-* -" Wy 5 areay or in & disjoint sets with 5 newbers “in each set. 
eo An assoniated problem is to start with 20 . objects and ‘ask how many ‘disjoint 
subsets there are in-this set if éach subset ‘is to have 4h. members, In, . 
terms of, arrays, the question .is "if a set ef 20 members ‘is. arrariged | 4 ge 8 | 
to a row, how many rows will there per" ‘The ahsver 1s De . 
ay. x xX 


.-° te 3 x Xs 


eee 
ry 


F) 
eee 


x 


- so Js 20. “ebgeets arranged 4. to a row, : . oo 


ae ae . “In many cases. there would ve tio answer. to the question, depending _ : - 
oo . on the numbérs. For example, 20. objects arranged , 6: tora row does . 
2 ’ ae not give an exact number of, TOWS + "It is true that ordinarily we-ao , ’ 
oe _ \: Garry out such“a division . process as & djvided ‘by ‘6; obtaining. a 
, ra " quotient and a remainder. In speaking-of division as an operation in — 
- 4 the set of whole nfmbers, however, the expression, *20 “aivided by “en . 
. i * . is meaningless because it is Wot. a whole number. | The process as indicated 
. oY. 6 fo" remainder 2, ‘will be more fully Auwelopea later, when the se 
a ‘techniques of division are distussed in detail, It will then be. pointed - a 
out that for any or@efed pair (a, b) with b 40, we may develop & 
. : . ; division process. ; a : : 


nthe WAM baa nak a . wept we omen we. Be pReM RA vate ae tte ee Bea @ terctntieas pil nenttewlanelonl 


= wo 8 


+> To answer the ‘qidetitn, mow many dinjotmbuubseta are there. ina te Pe 4 
‘get of 20 if each .suvset is ‘to*have 4 menbers?”, we formed an array "°° x 
of 20 objects arranged 4 to a row, When we formthis array, we are - 2. 


. . . . . * sO ss 


- clo , . x 4 af fe . a 3 Pe ie e ala 
¥ 7 7 . 
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ae partitioning the set of 20 _inte equivatent bets, "By perbitioning a aet, “ree 
‘we mean separating it inte .disjoint subsets. Thus, the fact that a-set oe wo 


“of 20 may be partitioned into 5 équtvarient, subsets, 3 each having 4A 
‘menbers, aliowé us that 20 = yx 5 and 2025x4, The number, 553 
which is thus assigned to “the ordered pair. (20,°4) is callet the quotient 
and the operation which’ produces 5 from (20; 4) is called Givision. The 
a normal * symbol for the operation of. division is. to. Thus 20 2h = De 
the partitioning, of course, does not have to be shown as an mrey Either 
- alagrem below,’ for example, gives the result of 12 +3. 
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12° objects, 3 in- ; ‘ Set of ‘Ve Shi gate in aiasdins 
each’ row, : ° ts subsets, 3 ones in’ each subset. 
, f 


’ For the ordered pair (20, 6) there is no suck cae that can 
. be attached; *ndr is there for (5, 15). So, under the operation of division, L 
(20, §) or (5, 15) are not defined in’ the’ set of whole numbers. Division a ae 
therefore does not have the property of closure in the Bet of whole numers, — ) ; - 
The last case for (5, 15) is simply an: “example of the fact, that 4n the ee > 
ordered pair of whole numbers (a, b) » if b>a~, anda A 0, _ the operation 
of division never "yields a@ whole number, vem 


Probiens = ee » _ ae _— 


v ’ 


rte 
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8. Find the whole number’ attached to each of the following snderea pairs. 
’ under the operation of division; if there ig en. explain, 


? 


_ (20, 5) + e (6,2) &. (6h, 8) . - ee 
b. mer a de. (78, 9) om Be (hay 7) 


. ‘ . You os x 
we 


: ° : cat stl : 
bes ' = : i a: : ° . Be. (47, 7) ; 
a Be Display 2 an array to ghow 2837. = ° 


ae F 


ae TLiustrate . 2B 27. bya. partitioning. hat: ‘ts other than-an ‘ervey 


By partitioning, we have obtained 5 as the result of 20 + 4 because 
: 20 = =5 x4, This is similar to the missing addend approach to subtraction. 
Here, we any that ‘a+ » is that mee c such that az=c¢cxbd. That is, 
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a a& ge ee. 7 _ ee ~ FS abs ¢ ir and only if “a= xb. 
z al ne . > x *. . . . ee 
: jms) G 48 the wi ssing factor of a=c Xb for given numbers a and 

ob, with b J Ory a — ott, £ oe Tae 8 “a Se re 
a) : : ae : . a i . ry > . . : . ‘ > 


- Division as Inverse . ; seek a 
Si eceneheemeteen item enema *s me ta 


a “* In the same way as subtraction is the inverse of sddition, division 


. by a number n may de ers of as the inverse of multiplication by as: 
» 4 . 
= “thus,. : = _ we tg CO : . Rae 


. os ee 84 _ (8x 3)4 =8 and (7x4) s ees ig 3* | “e 


"However, caution must be exercised in: thinking about tiplication as - 


~ 


the daverge, of division because it is trae that 
(15 + 3) X3= 15, while (8: - 3) x 3 is neaning)ese , 


since 8+ 3 is not a whole nuaber. This is similar “to the caution we 
must esuctias’ in this “doing and undoing” process with subtraction; thus vhile 


oe 


\ 


} .. (5+ 3) h3s 15° is ‘perfectly acceptable, 


. 


(5 - 13) + 2B vis mesningl ess 


. “gince (5 - 13). is nota whole ‘number. of. course, the restriction will 
~ be removed Latepggben the set ‘of. whole numbers. is: extended to _inclnde : 
, Ruubers for which 8 + 3 and 5 13 have meaning. aoa <r 
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= ey ay 
_ 10. Tell whether each of the following statements is true or based it 
, is meaningless for whole numbers. , : 


a (3599-9230 2 \ce (349) K9e3) os 
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- he Role of 1 and. O in Division’ oo mS % .o 
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> “the operation of division \ was ‘connected to the operation: of multiplication : 
by the statement that , 


: : . » te : — 
e * a+tbse if and only if a= cx b. 


_ atl= Bs On the other hand, oe +h is not a whole nunbex tiillese b=]; : 
7 . there is no. whole number c¢ such that ls “ex Aged ~ 1... 


- 


"or bars symbol + . a ‘ 


~ 


ae 


only if oc; 


If b=0, we have OF @=c and Os e x Os Since this is true for 


_ if and only, if 82 0X0, and ¢XO<0 for whatever number Cy we oe: 


. 9 | 2 E18 « 2 . ; | . : ; ¥ 7 as | 
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“Since: a aria 0 played spartan roles in multiplication, it may’ be exprepriate _ ea : 
to: pay partic cular attention to the two numbers in division. _ a = an 

If. _ d, “then we have ap tie fend only if Qa=cxl. ; - 
" Recalling the special property of 1 under multiplication, we have , cx i= 


‘hence, & and c represent the same number » and for any whole number a a 


In the sense that ati] =a, the number 1 acts somewhat “hike an 
“Adenbity: element for. division, ° ‘Unlike the identity element for mati 
plication in which, for any ay i xa=sa x1, the nunber’ l is limited 
_ to acting as an! identity element for division only if it is to the right 


. 8 < ‘ 


s oythe 


as ~ 
wy 


Again by the definition of division, we can note the role of O “in 
| Aivision. ‘Briefly, its” role may be summayized as follows. ” i ee 


J 


- Orbe if and only if O= eX bs For >» #0, this isvtrue . _ 


tt 
o 
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Therefore, 5 8 , : 2 Spo 


for eny who}e 1 nunber es ‘euch that 3 } 0, +b= 0, 


AN 


- any number c, the result of 0+0 ds ambiguous 5 O+0 does not —<. oe a 


+. & . 
7 


specify, & unique number, hence Ss 
the operation of division is not defined for OF 0, 


8+ 0 where a f 0 “is still ‘another situation, “ gince a+0 - oe . 4. 


have a contradiction in terms: we’ started out with. the seeuaptt ba that ’ ‘ . - , 
& #0 and came to the conclusion that a= 0. For this reason, Sy — 


’ 
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for af 0, 840. ie undefined, oe 2 Ge 


‘hese last vwo results os indicate that division by 0 is not t defined, 


en . : - 4 : a a 


Ai, Tell whether each of the following is a whole number, is.not a whole ~ 


ume, or cannot.be. ee reas ~4- possible, “name tre-strote tMHber = 
. 24h Vi ee ey lg ee ae 
@” 343° a? f. 1+b, »b ds a whole number and. b = 1. es 
; se N 2 : ~ 7 » Sie) . y ; a . - 
; \ 199 , . * > 
1 r : ; 2 # 
se 59 : 
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@ Lb, b. is.8 whole number and b f 1, a ae 
he a+b, .€ and .b. are whole numbers and. b> , 4 * 
‘ » : A . a _ ot . ts * . oe 5 
“i, 04b, b is a whole number dnd b AO, Sa 
1” je ad; a@ and » are whole numbers and a>d. i = 4 > 2 
: k. atb, a and b are whole numberp and a= b, is, 
: Broperties of of Division _ . © & ey es rr 
; ‘> om 
- “stay examples may ve- given to show "chat the whole een are not 


‘ again many examples may be produced. We need. only ote example, and such 


ca closed under division, For example, while 67322; 346 is nota - 


weenie number. . These dae ‘two examples . show thet 6 4.3.4 3 + 6, _ hence the 
operation is not commeéative, . To see that givision Ls not associative, | 7 


No. 


an example is “the following: a : * . 
C12 %(6) + 222% 2= 1, hut: a a ys es 
Y : : . ee 
gh 3 12 + (64 Sie 12 +3 5h 


2 x8 eo 
» ; 


The different results iceaine for (12+" 6) + 2 on the one hang, and 


“for 124 (6 +2). on the other, shows that, in general, ‘it is not true 


that (a+b) + cea t(bt oc). a i os : 
So far, aviation with respect to whole numbers fas revealed ‘Ltsele 
pb an operation that does not have the properties ‘of closure, ‘commutativity 


and associativity, Furthermore, division by 0 is to be avoided. To free 


: ourselves frokghe impression that not cmych. can be said about this operation, Melee 


we need to ecgeisec only ‘the “ mportant notion that division by b eis the 


inverse of the ‘operation of multiplication by b. That is, (a Xb) +b = 


provided, ‘of. course, bd # O. , ~ ; _ os 
: ; » . a : : 
Problems ; : — . 7 Ys 
. . yt 


(12), For.vhich of the following is it true that las v) te c=at(b tec)? . 


a be2e2 “°F 294 _ ‘i 

vb htetl 4 fe ae 

Ge ght 632 , Be OFOF 

; “Be 0 + 5a ; | oe : 7 — ae oc ene ene : ace 
13. From the results of the preceding exercises, under what conditions Se 
~ will tae oye e= 8 + (b+ o)? ae — ; | 
. . . ° ae 
rae P ee ¥) 2 
os Y - ae Lib 7 aaa - “297 


| ts Bivasion Usitg the the Nuwber Line . . ei _ re | 
. We can lllustrate division using the number line wy partitioning a 
segitent into congruent subsegments. For example, to {ilustrate & + sC«<“‘(S«@W Rees 
_ we can partition.a 6 anit deginent into 3 congruent subsegnents, fe 8 
cot which | | : 


rs . 


os 


ah et at ee '.3 
° 2 2 & & 5 68a ea: oe 


. + te ‘corlgruent to the segment on 0 to 2° Thus, ‘this partition conveys 
he concept” B <3 = 2 Clearly, this is associated with the representation a 
"of mltiplication on~the “Line in which three 2 unit arrows.or 2 unit — = 
ey segments are abutted, resulting in a 6. unit arrow ora 6 unit seument, 

. The association. ‘may be thought of as: one Operation is the SAVERS’ of the 


; other, ory from the: point of view that “ a o 


: 6%3=2 ? euven ae 2. 2 | 
SS . < : , gs , 3 . ya . 


AY 


fnother mgthoa of tiustret pe division : on the number Line is related to 
“considering division in terms of “repeated subtraction, This concept will be Ho 
discussed in further detail in Chapter 13 when the. division techniques are . ‘ oe 
' discussed, We can indicate here a1 ver, this use Or the number line th oe 
. order to compare as the use shown eres : Beginning with 6, -_ v eae 


ao 


See a os 7 
we ask: How many times* can 3° ‘be oubtractedt Corresponding to inis , , 


? 
"we can show diyision using the number line as in the. above figure. samy 7. 
In this case, since subtraction is performed twice, 6 + ce a2 : \ 


Probl eins pa os = : ‘ ' a oe 
Le fy show ty par titioning. BR agent: on-thie number Line thay 0+ aT 


od. Show: “by partitioning a Begment on the. nyse: line that | 2 * 2 
; aoe not yiels a whole nuniber. 


gees” 
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ae Numbers , 


N = . . ee 2 


bad 


"Rectangular & arrays form the basis for what used to be known as the 
“redtangular numbers” by the ancient Greeks. Ifa number n can be 


, presentes as other thana 1 soy n array, then thes n is said to be 
ae rectangular number. For example, 6> may be represented by a .2 — 


3 array, ‘0 6 isa “rectangular mimber. Now we call such a nurtber ; 


a ‘composite nunber number; 6% 2x3, ‘so «6 is “composed” of *2 “ana 36: 


Lag i is also a composite number; either a 3 by % rectangular: array 
ora 2 by a} rectangular Serey may be usedvas a model for the . 
composition of 12.° However, - 2x 2x3. ‘also shows how 12 may be 


composed. It is true that if a whole number n “may be "aecomposed”: . 
_ into more than two factors (other than 1 and- n), , then it cam de> *_ 


decomposed into two ‘factors: other than 1 and n° Hence, such, a 
number would be considered also a rectangular number, Tt is simply 


. that thinking in terms of the composition puts the focus more on 


yzing the number than thinking in ‘terms of rectangular arrays 
mart can be formed. 


Since 12 = 3 xX he, we have regarded 3 and 4 ‘as factors of 12. 
_ As we. have noted, there are other factors of 12, For example, 2 is 
x) age) of. 12 because there is a whole number whose product with 2 


Ls i, That is, 2 is a factor of 12 because 12 is 2 times, whole = 


“number; in this case, the whole number is 6 This automatically qualifies 
6 to be also a factor of 22. A complete list of factors or 12 ‘mey be 


catalogued as follows: ~ : ae 


i . ‘ 
t 12@=1xX12, so“) and 12 are factors of 125 
i” 12=2x6,° so 2. and 6 are factors of 123° - = 
12 ='3 *4,. so 3 and & are factors of 12; = 
12=%4x3, 80-4 and 3 are factors of 12; 
ae 6x2, so 6 and 2 sre faobors of 12; 
‘a2 12k1, so Xe and 1 ‘are factors of, 123 


. 
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Swe 
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tf 
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Thus, 12 has i, 25° 3; h, 6, and 12 y-) factors. 5 is not A Factor 


.of . 12 because ‘ther e is no mele number . n such me the mathematical 
— sentence — ah ee eee gs Pack ee ne See ee ele peeks 4p eka tit ee esse ca ae 


a 
» 


- 


eo. 1k BD 


ds true, Neither are 7,8,9,10,11, and any whole number greater than 120 | 


& , 7 Wo es 7 . 
factors of ie. ( Notice that the last three statements in “the aieplay a 
give: no information on ‘factors that was not contained in the viret three 

statements and we could have ‘done without them) S00 te = 


“Te is clear that- since n=lx a any whole number on has 1 “and - Fes 
“1 8B fextors. However, — there | are wany whole’ pumbers for which these are. ~ 
the only factors, For example: >, and 5 are the only factors of 55 1 
and 7 are the only factors of 73 ‘and 1° and 13- are the only factors 


2 
a 


of 233 and So on, Such nubers will be*or interest for ‘us ant, are 
sa spetially designated. 7 28 - * : . 
: or oo. : Wo ow 
= : Any whole manber that has exactly 3 two different whole : 
oe. number factors { namely itself and 1) isa a prime number. 


QP. 


Note that this définition excludes 1: from the set of prime numbers ‘ A 


because _ “1 does not, haye two different factors. ‘It: also. excludes’ 0 - _ 
\ < 


‘A 


‘from — set of primes ‘since 0 = as OXn for ‘any: whole number n3 
any whole number LS ‘a factor of 0, .In essence, the prime numbers are: 

those that can onlyybe associated. with a‘l by n array (for nf 1). 

For exainple, let ug consider an’ array for 1% Placing. two objects in 
each. row, we can gomplete. an array with 6 objects; the ea object a _ 
nakes the ea jeowtete, Sintiarly, Ss . 8 


’ 


33% Sy : 6 objects in a row inguce incomplete. arrays with: 7: objects, -— 
& " * 


* 


Alt -whole numbers greater. then 1. may now be classified according to 
: whether they are’ prime ‘or composite. Over 2,000 _ years ago, the mathe+ | coe 
natician Eratosthenes devised an easy and Straightforward method for Sartiae . 
prime numbers from . listof whole numbers. - fo find all the _prime numbers Ys : _ ta 


..' > less then 50, for \pome, the whole numbers from 0 through 49 are i 
mS listed as below. O and _i same crossed out since they are not primes. =, 
(2 iba prime, but ‘every “other even number has 2 as a factor, 80 atl 


_ even numbers greater than 2 are. crossed oute ” = “Ex - w 


Vn. 
nm 
oe 
sl 
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oy 


» a XB; “xy . 2, 3s * *; s 3) ay 3 Ts 4; Py 
. 38, il, ae; 13, ae, 15, a, 17, xs, 19, is 
: BO, 21, 2%, 23, Ot, 25, 28 at, 28> 29, - 
3G: 3, 3, 33, H, 35, 3% 37, 38 39; , - 
a WL, , 3, . Def, 45, SST, ae, 9 7 ca, 
Continuing with this,» 3 8 “sdvea” and 3x2, 3.%3, 3°x Wy wees . ee 
_“eliminatea”; that is, @11 "mltiplés" of. 3° greater than 3X1 are, 
eliminated. * . , 


In’ this second chart, the numerals that : 
are shaded represent: numbers, that. are “eliminated” ‘after the dereening as: om 
*“mailtiples” of 2 (a is “eliminated”: before this screening). The slash , aM 
marks Ladicate peveentug as "miltiples" of 3, and the numbers, that: ‘are — : 
"saved" are igentified by circles. By now, 4 has-been n stiminated bécause 
. Wisa multiple of 23 5 ‘4s next saved and all gener multiples of 5° 
eliminated and so.on, Thus, eventually, we arrive: at the set of = prime 


~ 


_ numbers less than’ 50: .—. 3 wank : re 


. . . SD 


‘bee? 


rr ae . . : ae Ss A 8 a. a ae 
a re {2, 32 Ts, i, 13,. 175 19, 23,5. bo, 31, 37, A, 435, ue 
ae can be shown that ree soreening process needs not be. carried beyond ie i , 
uy prime numbers less than 50 ince Ags 7% Te Tr ho” is the product 
tho whole numbeys a and b, and one of these is greater. than =7, then 
the ‘other must be less than Me. This tells us that any factor’ Breater “than 


an wo 
7 nes have been eliminated, when lts’ a factor (which is Less than . 
i) was considered, . >. ce 2 go Be < ; 
\e i af ; ‘ 3 : . tC . . ; e ms * 4 
Problems . oa ae * + 

1h. xpress each of the following debe ab aapsuets of two factors in . “ 7 
, sgverel — or indicate that it is = Saoeseole to do 80, - = ‘ 
ee gid Seen kASAS. -gy 3 = mt at re eee aa eeeres oe oo oe iis ae Gaeiadeteee: qe Ch nea lenie an Ze 
‘. : a" ae “3B. . : : le 30 = = 
- y \. : ae raed ea 
; hi 6S . : ‘ ae 22 . , - 
i "3 Se a as 
= . . “i : . 4 ; 
20h / 


. | Sage _* : : : F . 


x : > = a 


15. List all the numbers that could be called "Pactors" . = 
"Be 88 the number 30, 
“bs of the number 19, ‘ . © 
7 c% . of ite number wie 


-bapatestion to Reaching - 4 e 


yo * Some children en Sina it difficult to Visualize Bet rewoveh. Fox them | 
: partitioning and ringing:a subset is not enough; they cannot seem to, 

appreciate that the objects. have been removed since the objects are still 

much in evidence, Covering up the objects to be removed or crossing then 

out with an Y< iny help" Gouminicgte removal. Similarly, using a ‘cup to 


cover up -a subset of. beans, for example, has ‘peengfouna to be effective 
-, in teaching ‘set removal, a : ore 2 


- 


Loy t the other hand, removal may have been so convincing that it’causes | 

, Gifficulty with writing the numb er sentence associated with the reutoval, 
“For “example, in trying to connect the ekpression 5-2 with 3, only 
the numbers for the original set and the remaining set may be recorded; 
the other a hah has been removed, BO the child cannot inderetan’ why 
its nugber met be recorded. In that case, intermediate stages in the * 
removing process may be suggested, This may he in the form of a class 

: activity, for example, with a set of beans. The number of the set may 


o 


first be recorded; a subset: may next be separated,’ counted, and the number a 


, ’ “pecorded, - Removal may be acconplished by covering the set removed (as with 
a cup) and finally, the number in the remaining set identified and recorded, 


_ Intermediaté stages For the reeoraing of numbers in the ringing of set - 


‘members may also be provided. For oman, the fonoelne suggests various 
* possible stages for 5- 2=3. se 
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~The concept or inversé may prove aifficult. For ‘this, a variety of 


examples may be required “phowing situations which have inverses such as 


falling asteep and waking up, say, or ‘putting on a coat ‘and taking it off, 


' However,* sometimes: it is not the Lack of understanding of the concept that 
"48 causing difftodlty; 'it my be trying to verbalize the "doing and undoing" 


» 


— the ehildren, ‘na aifticult. a o ‘ 


’ The topics of” factors, composite numbere, and prime mimbers will: not > 


be presented until the second grade. A start on this is given “in the. first. 


ree 


71 aT), 0.V,0, _? * 


ee 
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’ grade when odd numbers and evén numb ers are discussed, Of course, in terms 
‘of multiples, the even numbers are simply the multiples of ey Similarly,” 
‘multiples of 3 are the entries in the 3 times table, and 80 ONe 


We nave nptede that ‘since 3 is a factor of 12, we can. say that 
12 is a “mul Bgpt 3. Both factor and multiple originate from the same 
concept: there isw whole number n such that 12 = ‘3.x the scale 
1s; vbewed from the standpoint of the number jbeindypouposed: a factor ‘is 
viewed from the. standpoint oF a number going into the composition as wa 
pudding block”, Beginning in Grade > > the children will be introduced 


to'the Fundamental Theorem of Arithmetic - ‘when a whole number is “decom 
. posed” into the primitive building blocks of prime numbers, this oC - 
position will, be revealed as unique; that is, & whole number is made. tp of 
c one and only one ‘set of primitive blocks which we call.the primes. At that . 
time, the’ children will be taught the “somplete fact yrization” of a whole ~ 


number (or, the prime deconfositién). Complete febtorization is a nebural. 


7 a a er 
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Ss es sense 


lead-in to.a corresponding Pactorization | in algebre, which viet > anong other 


things, ‘solutions $0 algebraic equations. ~ 
oD - Chapter- +7. 
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Join to B a'set C giagoant from B gach’ ‘that BUC: = he 
ISTa ator 8)" | 

; and Be ee OF.” .4 7 ee 


exhlbit A ~ Be i 4 . 


3e If from a set of 8 membprs we remove a set of 2 members, how 
= menderrs does the nasal tine set have? . 4. ow 
: ’ an 
> 3 . , oo 
\ =e * 206 . & ts . a 
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e588. 3: 4,0,8,0,0) 


exhibit B such. that AJB = C. What is w(a)a\. ° . i. ' 7 ) 


= 5. * Show: B representation on the nbebes line which Lil strates, the fact : i 
that 10-3: 7, Use the same ‘figure to illustrat ‘the idea that 
Ow. 7 + 3. : 


. a : 
6. Show ‘a repres entation on the nunber lire which ‘Lust tes that the 
7 associative property does ‘not hola under, the operation | 


@.8) +3 £9 = (6- a 
“7. What operation is the inverse of adding: 7 -to any” number? tae is . 7 

; _ * the inverse or: subtra ing: 82 a e 4 
8 If <A ‘and B are on illustrate that (iu) ~ Bis . 


What happens if A and 3B ‘are hot disjoint? 


subtraction. Oe ce. 
. ™ i Vy 


Qe Rewrite each P oreaandcat sentence below 2 as a division sentences, 
. Find the unknown factor, - 43 , 
& hxX5 = 20 , 

ae ; ao Pp x4 : 
te nx 
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a os - , NYS, x fs ti, af 
a Gs Teli whether each of the fallowing, 1s more needy visualized bya = * 
. rectangular array of 7 rows or by Sah aptay subsets with q in 

each subset. * 3 _ "a, a og 


‘, ; 


Ul.) A mar hing band always forms an array when it marches. © leader likes 


% to use many different formations, “Aside from the leader, the band has. 

_ 59 members, he leader is trying very hard to find one more, member. 
» Why? A a i , . ‘ : 
ie 3. . . ‘ . . : Pe . \ . ui 
12, Does division have the commutative abeouee: Give an 1 exemple to. se 

_ substantiate your” answer, - 2 7 ae rere, = 
13.°  Expre 88 each of Yhe following numbers as a product of two  smeller: _ 7 


: punbers | ‘or “indicate “that it is. impossible to do this: “ os 
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‘ 7 - Solutions for Problems . « & © tee ~ @ 
Choose A = (0, 4,0, «,0, &, 8) with N(A) = 
Choose B = { x,Q,0}- which is a subset or - and N(B) = 3. 
A~B=(O,0,€,a)- 7° rar S Fue 2S 
‘By definition: we know that 7 - 3.5 aoa oh.” rai ; af 
: : i os 
Choose A = {0, SOX O,€,i8) with N(A)-= 7. 3 - 
Choose B = (a, b, c} | ‘swith N(B)=3. 0 oS 
Now chocse a Re C disjo t $ron both - & and 2B, - . = Fae © 
% ¢ ball { 8,= my ®, db} and . i N(C) = 4 : A . ; : _ as es as 
* go that by was (BUG) - wi ‘A we can put BUC in + 
one-to-one correspondence with A ; ” . 
BUC. = f[a, vi P 8, roe 
_ 7 A= (o, 4 u, *, = . a > ee? 
By definition we nee that T-35 zi Cc) = 
= 
By using whole nunbers 6, 4, we can illustrate the fact: that 
a-b-=c and azcrd mean the same thing. Thus | 
ena 6-he ae becouse eBa se. . «3 : 3 
. 6 - = i pecause 6 ees a Fe ste 
= a 
‘When a/b, then a+ bc gives only oné subtraction fact; Se 
namely a=c +b. For exiles 3 +3 = 6 and 3 = = 6» 3. a . 
(& Inverse property of addition arid BubtPection - ° oo. td | 
vo. istrevse property of addition and subtraction 7 : ne 
Ce inverse property of nddition “Bnd “subtraction showing grouting ’ m1 


_ within she parentheses, 30 - 15 is- another name for We Pees ge 
de identity property of zero for addition (Zero added to. any number, ~ - 


results ‘in that number.) . . . 9 
ee . identity property of zero ‘for. subtraction (evo subtracted ‘from ~ 
- any number results in that number.) = - 
( 5: ") a7 does not make sense ‘dn the present context hecause 4 
5 - 7 is not a whole number, For any nunbers a and Dy innar: 
“ep ee a a — ear cevaean ee ae Re ee aa: 
. : . . 48 ~ ‘ : 
: : > wep . 2. se 


4% we ee a 
aS ; 2 S “ 
“7% = To ohew that a + (b oe) =b if ba we use the commutative . — 


, * 


"property. of addition getting z=  (b & aye the a) +8, which ‘by ‘oe, oes 
the third item th Properties of Subtraction is equal to be : . 


rhe + “ ~~ 


: P| ve 6" - Bs 8 
be Nones-28 > Wo a, 8 . & 6” ¢ we 
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> ‘a yuot @ whole number ee 
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a hd if v « #13 whole ‘number if -b > i, ‘and b by a factor of * as 
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yea 
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The coprdinate of this. point is not 8 whole number, SS, 
ae 3x 6; 2x9, 1x28 (or 6x3, 19 XB, eter) xs? 
2x3) 1x6. we, 
te 2X15, Ax 6, 3 x 30, 1x ‘30 ae 
el di xi ang 11.x1 are the only such factorizations and they . 
\ are not g sentially different. —_ ar : 
> lst 2On Bel, 2,365, 6, 10, 15, and 30 . 3 
a In- more formal ‘terms, the set.of agtphetor 30° <a 253,556, 10,25,30)- 
ee By and 19 . . : a : 
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; 4 ‘Chapter 8 : 
a4 . NUMERATION: NAMING NUMBERS  ~-: * o oa 
. . \ os ue : we ; : . % ‘ ee bil 
Tntrodietion . 
He have used whole ‘nuubers. extensively in our work thus far. We. - * 


“have considered their nature, the naturd of. operations associated with | 

then, and some properties of these opergtions, However, we have not 
- considered explicitly the REDOF cary dis inction between ‘number's and their ; gts 

names. Now we turn our attention to this ‘distinction and particularly ys 

to’ schemes for faite whole numbers;_ that one. to the pegoten of numera- ~~ 

tion. ry ; : : 


‘Whole. Numbers and Their Names a fice 
We -know that the, vhole number _ueltel for “example, isa Property © ee 
of the set * —_ ‘ | ; 


x 
° er » . fa, b, cy a, a f, ‘By h, i, j,k, 1) % 


= and of all: seté equivalent to this set, The word "tvelve” is a name 

. for this number property and 1s not the number itself? - Similarly, the 
symbol or numeral "ye" “as. ‘another name for this same number This is . . me 
“true alsa for the numeral "XT" » written in the | Roman pyeeee of notation, - a 
Tr fact, wheh we write ba ’ , 


os . N a) . i ae ‘ \ i 
a . OXTT = 12 -_ 
_we stmply 2 are 2 asserting that ‘XTI" and “l2" are two different names 


s 


» 


he we now cohsider principles of numeration, it ‘is important for — _*% ‘4 
us: tO keep clearly in mind that, ‘number and numeral . are tot synonymous, - : *. ; 
A number isa concept, an ‘abstraction. A whole: ‘number is one kind of vO 
‘number, and in various preceding chapters we have considered selected’ 

p aspects of the whole number system: &n the other hand, a stumeration 2, 


“gyatem is. a “system fox, naming: bee: ; “thus, it isa numeral syatem, ‘ t 


fa thia chapter, we shall de concerned ke numeration systems for nawing 


x 


rather’ than on the “dungers themselves. ~~ ee . se 


‘g * oe on. Ns oe | 


A 


7 A Modified Greek Greek System © . 


— Little more than tally nies such as / for "one", // for "two", os 


*. é , yr : ae - fae 
‘Earlier Numeration Systens Sn ee : s aye 


Man, during the -ourse of hae history,» did not always use our a 
familiar Hindu-Arabi ° numeration system. His ‘earliest schemes involved 


Ais for "three", etc. Such primitive schemes were fer from effective | 


Jand | efficient, particularly when dealing with large numbers. 


The EByptlans, te Chinese, the Greeks, the Romans, and others all , ‘ 
developed numeration systems that were Improvements upon primitive ‘belly , 


schemes. However, none of thes® was as sophisticated as the one developed 


. by the’ Hindus, which evolved into the Hindu-Arabic _ system we use today. -, 


. the twenbdy- rour . letters, of the Greek alphabet and three obsolete letters, 


Nevertheles Ss, % brief consideration of at least oyg oF these earlier 


numerabion systems . an be of interest and can “give us an REDE SC Sat tOn of 
the principles and | advantages of ‘our own system. 


a ; 


- 
. 


The Greek system of. pmesration used twenty-seven basic synbols: 


Each of these basic symbols named a ‘particular number, Other numbers were 


named by y conktntng basic symbols ateording to established principles or — 
; "rules" Po ; 
Let us oes a modified version of. this Greek system by ade et cys 


ret 


a8 vasio, symbols ‘the bwenty-a5% letters of our own alphabet and one 


additional arbitrary symbol, -YV. The number need by each basic 


. symbol is. indicated veloy in terms of our own HindusAr abit numerals. ome 7 
: Ae eae S = 100 ° 
: Bed. K'= 20 T = 200. , 
C= 3. L = 30  U = 300 ; 
D=h M = ho Vv = 400" : 
B= > N = 50. Wego | 
at : Fe 6 O = 60 xX = 600 . 
“ _Ge7. P = 70 Y= 700 : . w. | 
ae hee, Q= 80 2 = 800 Sciacca tose ee 
| 1s9 R=90 ody = 900 . , . : 
x . as . ae 
* : > a a 
.*, - . & 
ced i r a 
; ; ° 212 : *. ‘ 
: i mo . o 
> ake 
cat 


an : s : 
F in 


i ani vompound symbol such as “pp is tatiergrevea to mean . 


a 10.44 oF i‘. 
» in our ow system. Similarly, a" - , oa 
é "WKH" means 500 + 20.4.8), or. 528 , 
"TR" means 200 + 90 » br 290, and 
"UF" means 300 * 6, or 306 3 fae 


‘in terms of our fantliat numerals, 
ee 


Noti: ae that the symbol "DP" would be interpreted to 2 mean 
or 7h, Thug, it would be“true that a = 
- PD = DP. _ . > 7 


However, we ‘shall agree that in such “instances we shall write the basic. 
ne Byabol £Sr the larger number to the, left of the basic symbol for the 
smaller number. Thus, the preferred form would be PD instead of DP. 


wo 


Similarly, it would oe true that - . fy 4 4 , 
— : = WHK = KHW = KWH = HWK = HKW , 

Of these six different names for the same number, the peeterved ‘form 

would | be WKH . e 3 a oe 

. ; % ; ‘ . 7 ’ . 

" Problems” re a ae 


t Express each of . these montetee Greek system numerals as fonilier 


Hindu-Arabi+ numerals, — > 
, & MG be 2NBO oc. OK a. VO eV 
2. Express ea fn of these Hindu-Arabic numera¥s in the al form" 
_ of modified Greer system numerals, a, oo 
7 a, 630 a Oh 888 
‘ 3 Does the ‘modified Greek _ByBteri have 2 basic, syubol for ‘the number 
. , "zero"? tf so, what is “tyat symbol? If not, why 1s such a “basic, 
. ee not-used in one system? . a : ae Sie. 2 
° \2 . , ¥- * . 
ve ’ 
. “Solutions for problems in this chapter are om page 23h, 
“oy a a en ae . : > y ; 
J . 
7 213 
‘sie ee : DS 
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ea 


‘But what ‘about naming numbers greater than VE, or 9992 We 
"vannot name such numbers without: some further: agreement or extension. 


_ of the. system, i let: us fat we.may use a. prime mark ,2) to . 


one thousand : 1000). us, 


means “1000 x 5 , or 5000 , 3 
means "1000 x 70 » or 70, 000. , 

; means 1000 x 200 , or ee 
in terms ger familiar numerals. | 
| 


' . Problems. | | & 


» 


4, Express each of these modified Greek system numerals a6 ‘familiar 
Hindu-Arabic numerals, , ; 


8. BYYMG be QRAMUL ‘es VIOIRG > 
You undoubtedly have noticed that the number "en" is of pa ioular 
signifi: cance in the modified Greek numeration systen. For instance, the 
— J, Ky + s+ » Q R named multiples often (20, WO, 220, 
90) , and the symbols 8, T,... , 2, VY named “multiples’ of ten 
- bens or one hundred (100, 200, . - + «,, 800, 900) . 


We may say that "ten": 18 the wage of this Yumeratlon system. It 
is the basis number that we use for groupings within the system. 


a” 


tures of Ngmeration ‘Systems 
Ma 
as we turn to a consideration of our own | HinaufArapic « spelen # 


» 


meration systems Have three features that are. or significance 


a I. One of these features is that of base, a basic number in-terms 
of which we effect groupings within the systems This number may or may 
not be "ten", If the base is "ten", we often refer to. ‘that system as’ & 
decimal system, ("Decimal" is senioes from the Latin word decem which 
b aaatetemeintinormmantcs | ‘i 
means "ten",)} we : 


4 


2, ‘Another feature is a set of. ‘Beste symbols or number names. ‘From 


arena =. de ets 


' these, all other numerals’are built. As we shall Bee, “the “choice of 
base often determines the number of basic ‘symbols used within a numeration 
system, ‘ J a 2° *  & 7 a, . 


he TW, 


"3. A third feature isa Bgt of principles or rule, 
z  begic symbols to form other numerals so that every whole nunber may be 
named in terns. or on basic symbols only. It is within this thira fea- 
‘ture that we find a prine ipbe that sets the HindurArabic system apart Prom a 
. others © that preceded: Abe We are referring, of course, to the ee ; 


> Ot place weiss. - ; : 
» ‘ & 


MG ete a 


5 eg 
The Hingu-Arabic Numeration System 


Let us seams eek ‘of the preceding featufes as it belaton: 
sperifically to our Hindu-Arebie numeration system, 


ae ls. The Hindu-aArabg’ numeration: system is a decimal. system: its 
os | ‘base is ten. This is seen “clearly in the fact that we interpret the 
number "sixty. three”, for example, as "six. tens and three (ones), a el 
"Sixty" itself? means "six tens" +. This: featyre may be illustrated in 7 : 
> the groupings below for the interpretation of the nimber - “sixty-three", - 


F gfe, 


q 
2 Di ? : y 


the Hindu-Arabi> numeration Bystem utilizes ten basic symbols 
or agree: 0, 1, 2, 3 4b, 5, 4, 7, 8, 9 such* that 
. 


a ac . , 
“ names the number zero; -: 


oO 


names the nutiber one; - 3 re 
names the number two; 7 a. = Mae ie 
names the number three; . " & he 
" names the number four; _ 
names the number five; 
‘names the number six; a “a 
names the number peven; ae 


2 
ON KR ew oP 


- names the nuuber eight; 
and names the number nine. 


a o. _ : a \ 
TENG” cee 2 Ye: 


; 


re) 
ERC 


Notice the inclusion of a symbol foy zero: 2 . This is. in marked * 
contrast to systems Su. ch as the Greek, the Roman etc., that had no , 


; zero. symbol. ~The need for a zero symbol in oe of the Hindu-Arabic 


system is related losely to the place value principle discussed in the 
fol owlng section, 


3. The Hindu-Arebis numeration “system utilizes a principle, of 
plare value, along with mltiplicative and additive principles, in corder m : 
to combine basis ‘symbols or digits of the system to name whole numbers — _ . j 
greater than nine. We aré\quite familiar with thé fact that in the 
numeral 2222 , for iastance, each digit 2 Moes not have the same 
“value”, The "value" of each 2 is determined by: its place or position 
a the numeral as a whole: 
vd 
-2 ones . os ee 
2 tens >. 
~2 hundreds 
2 thousands. 


Or, we may convey the same idea in-a slightly different way: 


She : Res 

oe - ax1l,or 2 

2X10, 0F 2 
2x 100, dr 200 _ 
2x 1000 , or 2000. “\ 


Here we see the multiplicat Ve. svincitie in association with .the eeeee - 
value principle. ed 


» 
eo. 
. . . n 


We frequently find it helpful to use an expanded form of notation 
to emphasize both the multiplicative and additive aa that. apply ° 


” 0 the interpretation of a numeral Buch as 2222; 


™. 


2222 = (2 x rode}a-ta x 100) + (2 x30) (2 x4). = 


None. of the! notatioyp used dis ‘far has made explicit the important . 
role of the base, ten, “in determingng the "place values", Bach place to ; 
the left of the ones place-in & numeral hhas-aegocketed vith 1t-e "value! 


es 
that is ten times the "value” associated with the place ‘Lmmedi ately to a 
ts nents For the numera? 2222 , we can show this important idea in ne) oe 
mm : * . ae : : 7 St 
’ oS | “4 eae 4 
Mos . : re PAA} 
a —— 216, . ae 
, Mey ; 
a) e- : ? o 
t. ; . es . . : 


ERIC 


this ways . an | 
222 ae | SS 
: ie = yy 
2~xil : 
2x10 x1 


m2 x10 X10x1 
-2%10 x10 x10 x3 


or 


‘ ep 


AN 


Deee = (2 x LO x 10 % 10) + (2% 10 x 10)'+ (2x 210) + (2x1). 


» ‘ "= 


.° The luportance of the ‘zero symbol, 0 , in connection with our 


place «= value ‘numeration system is reflected in numerals such as 2220 , 
2202 , 222 , 2200 , and O02? Without the zero: ‘symbol such numerals 
“vould not a distinguished readily from 222 (in the case of 2220 , 


2202 and 2022) or from 22 (in the case of 2200 and 2002). Without 
_Bome symbol to denote "not any" ina particular place, a. numeratiori 
tem with a plage value pringiple would not-be feasible, In fact, the 


‘sy8- 


relatively late invention of a symbol for: "Ot any" (a symbol for the 
number pertaining to the empty. set), was the reason #08 the welativery 


late creation of a ‘place - ~ value sahil aca system. 


The following chart may be hetpful in summarizing some of. the 
ideas just discussed regarding our numeration ce fe 


xy 


a" 


., 


Consider the numeral 7,205, OG which we reed asi "geven niiion, “two hundred five thousand, 
: forty-six", { (Notice that the word “ana” is not used in reading numerals for whole numbers. Otherwise,g- 
1b would not be ct ear, for example, when we say "two handyed and five thousand” whether we mean , 
"200 + 5, 000" or "205,000".) ss 


» 
wo 


ca We may. interpret the numeral 7,205,046 “to mean: 7 millions, 2 hundred: thousands, eben ait aaaanar 
é choueande. 5 thousands, 0 hundreds, " tens; 6 ones. Since 0 ten- thousands and | 0 hundreds 
’ both result in zero, these may be omitted ‘in the interpretation. Thus, 7 1205, ONG means: i millions, 7 

- 2° hundred. thousands, ? thousands, 4 tens, 6 ones, ae also may use an expanded nopation form: 


. -\ : * a 
¥,000,000 + 200,000 + 5*000 +4046, or | e i. os 
(F % 1,000,000) + (2 x 390,000) + (5 x 1,000) # (4 x 20) + (62) or » 3 


(1 430 #202140 0520 90) + (210 20 04K HH) 9 10308) +) « BEAD 


; 2 ; ‘ 7 te 8 \ : ee: 

. a . Ms s™ ze. . . i ~ . a ‘s * 
‘ 7 = wo ee : ‘ . a x ‘ . 

| cr cl : : : ss > ae a a . os : rer , OOF a: 


- "Problems 97 | 0s ss : 


=) : . . . eo oO Sus 
~ 5 %, Write the base ten numeral for each of these expressions. 


a. 7 hundreds, 4 tens, 9 ones, 


“ee, 


.-b. 8 thousands, 3 Hundreds, 6 ones. ox » 4% 
ase - -t 2000 + 700 + 50 +1 a 2 ts 2 a as 
~ ay > 40,000 + 6000 + 8043 .  =3. rer oo 

es. (5% 1000) + (0 x 100) + (2% 10) eacenty _ 
_ (7-% 10,000) + (6 x 100) + (9 x 2). 

(eg (10 x 10 x 20) + (4 x 20 > 20). + (3%) . 
oh, (9X 10 X 10 x 10 x20) + (5 x 10x 10 x 10) + (6 x 10) 


AY 


e 6. ‘Express: each of these base ten. numerals in three ways as shown 
. , the illustrative: example below, 


Examples 4257 = 4000 +-200 + 504 7 ; 
pclae dor re ele dled te 


ear | 


Qe a ~ ba. 7350 oe, 0; 708 


t 7 = 
t 7 
: * 
/ ~~ 
. . : . ay 
, + . X 
mise Gee Re co se ee De aig ead, Bedi Sh = ete, Ss a wt 
ea . $ 
2 “7 
‘Conn, : 
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Grouping by Fours: _ CU : $ 
. ‘We are familiar with grouping: objects by tens in o nection with our 


- @eciimal place value numeration system. For instance: ° 
a , , : ot + . 7 : , 


~ oe] 
. * 
aes 


4 Suppose that we agreed to group objects by fours rather than by tens. ae 
Suppose, for example, that instead of grouping fourteen objects as — , 


Be A 
RR eR : 3 = 


: ae 7 CECE) "2000 lL tenand 4 ones — 
“we had grouped the fourteen objects as ; cu & 


CED CD GD xx «3 fours and ~® ones. 


Rg 


>» vr 


BBO 


gt 2 s 7 > se : : : S Hy 


We certainly have Rot changed the nunber of objects: fpurteen, We have — 
_ only changed the way in which these fourteen. objects are grouped: as 


RNs 


‘ 
Pig Tours and 2 ‘ones” rather than as "1. ten and 4 ones", 
a 


ta 


or 


ee 


La The puereS of oe base ten piste value system reflect s & tens-and-~. 
. ree En ae 
ones grouping, as a Ree & : ~ . DE 
wy * ‘ : : . 
j “ae _ com 1 4 : : 2 : . - ae : 
_ eS eee "ede 4 oe | 
. : y & - 
. aoe fen(s) 
; . ; ‘ C 


- Would tt be possible to develop a base four place-value numeration scheme 


“Whose numerals reflect a fours~and-ones grouping, 8 as.. 
: 


* ¥ 
Let us use sats of one, two, three, 2. 2 ’ fifteen objects to’ see 


how such a base four nuneral system might be developed. This is done 
in the chart below, which includes contrasting bass ten numerals. . 


Note. thet, ‘in the decimal system, each set of teri objects is grouped 
as 1 ten and the number’ or these groups ‘is indicated in the ‘tens place. 
Thus), 23 is 2 ‘tens and 3 ones, and the number of ones left un! 
? grouped . is given by the digit 3. The ‘possible digits : in the ones 
“s" place are then an e€ mumérals 0, a5 2. 35.4 @. x gl OY ‘Similarly, 
, regrouped into hundreds when.there are ten or more. 
of these groups, groups of hundreds are’ regrouped into thousands when there _ 
are ten or more of the hundreds, and 80 on. ‘Thus, any digit in “any place 


*groups of tens ar 


WAN 


, is one of the numerals 0, ], 2 Oe) 8 ‘ > 9. A similar analysis shows” 
that any digit in’ base four numeration system ts one of ‘the numbers | 
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: This numegay should be read: ong, zero, base four. Succeeding. 

: < Se on . tee ; encore seanceranie sehamuaieits ‘ a ‘ ’ 
numerals in this column would be read: one, one, base four; one se 
two, base four; one, three, base four; etc. 

2 . _— ‘ : » 
We now-face a problem. What, for instance, does the numeral "13" 


mean: ") ten and 3 . ones” qr ") four and 3 ones"? We commonly 
a _/resolve this problem in the following vay _ 
7 a i Sd . r ; 


zs 2 
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. » Jf we see the numeral’ "13" , for example, we assume that it is” 
AM itten in base ten and understand it to mean "1 ten and 3 ones", * 
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‘simeren w written, . n a... sor aa ‘ Ss . : \ ; tS. wp * : ae aoe 
we : Fae ; mes . ° a es 


See «, & . a 
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an gpxvension of. “‘rouping by fours. _ eee . 
ra 2 ry a, & 
We know that Renety aie is the greatest hole ‘number that can” ve . a 
, named AS a two-piac ze numeral’ in our base ten numeration. system: 599 2 “ 
' t ‘the next whole number ten tens,, or pre hundred, necessitates, a new . ‘ 
‘pl ace to the left of tens Place. Thus, we. nase den tens - or One hundred © 
: =. With the, funeeed a 
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: ‘a two-place numeral in 4 base four numeration system: ~33-N° The next : 
. ‘whole number,.. four fours, or sixteen, necessitates: a new place to the » = 
: }eft of fours place. Thus, we name four fours cr sixteen with ‘the — 
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: . : + 9 {four se 
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‘The place values associated with a base four numeration systen re 
llow the same pattern as do the place values associated with a base” - 
: | ten ‘numeration system, ne shown in this chart: , _ . 4, vs 
% * et ee Ni elaceammia eA a: Thy : 
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° these illustrations point to the Fact that the place-value pattern | a ee 
2 assoclated with base ten and base four may ve applied to other bases ° - 
"+ > ag well. For jnstance: a ea s » @ gS 
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; _ The Rlace-value pattern for a particular base is used whenever we = 
_— oS me 
‘ oes rewrite a numeral, in that base as & ‘base ten ‘numeral, “Consider, 
.fori eeaiicy: the place-value pattern appl ied to the numeral 2435 nt ne’ 
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A Note Note about Notation 
We ‘have been expressing various nondecimal we numéeyals as oe. 
\ ten numeral 3. vIn ‘this work we moved directly into base ten just as soon 


er _-A8 we expressed a nondecimal base numeral in an expanded form, For 


Instance, when we write , eT : : 
21h ve" T2X 5X59) +35) 6 KS) + eD 
mo we have expressed all numerals gn the right-hand side of the equation eae 
base ten notation, - : : i _ 
te for some reason we had wishea to express 213% ‘rive in an- , 2 
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eicpanded form within base five (rather than in-base ten), then-we would 
need to use.base five notation throyghout the: equation, We might convey 


this’ idea by writing . £ A i re ee ss 
. a re o 
oie = (2x 10 X 10 x * hie {1 x 10 X10) piye + (3X Waive - oe 
‘ : 4 (AX Die, . _ a : : - s 
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ue a “two -notations sare in neeRiNe vith the fact “that ¢ a aaa = five - _ = 7 o 


On still other ou castons an Secandadt form for. 3etve might be . $ 


4 " expressed as , 3 = # 8 . 5 ee 


Bhp, * (2 X five x Rive x dive) NL, five x five) + { 3x thie) 


a 4 (4X one) ie: p> Fg os 
‘. 2®n such an instance we have expredaga the base sonslatently 88 the word & Goan | 
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five", thus ve .. the place-value numerals ee or 10a ve _ ¥ 
: cc 2 : ™ , : 

-In Practice we select whithever of these forms. i dest <a a wt 
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particular purpose,. : . * 
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° The main ‘purneée of this. chapter has én ho assist UR feveloping 
8 deeper underataltBing of our Hindu-Arabit numeration. system, a decigal: ; 
or Bage ten system that utilizes a principle pi:place_valye,. -Tn-addition -- Sr ee 
808 “Gonsideration oy: ‘this sys#en itself, attention was Bireciya to two . 
things p aor Y tontributed * to this ddeper understanding: (1) a 
modifidd Greek numeration system which hed. a0 place-value mineipl ey . 
ne ~ and (4) place-value numeration cystine ‘fnsving bases: other “th rte, ee. ~ 
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. ' mn 4 ey ee — ee en 1 . 
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This latter material should have clarified the fact that the ‘principles ae 
which underlie our Hindu-Arabic numeration system are not determined 7 
by the Pact that its base is,ten, These principles are more general ones 
which, ean be appl bed with other, bases as well. - The case of the décimal 


base. is but a*sp ific. illustration of Mire general case. es ae 


Re t 
cd 


- Throughout this chapter we sought. to suhasiee co any numeration. 
syaten is a scheme for Heung, numbers. Although any ‘particular number 
i- . , may be named, in various ways, “the properties of a nunber are not atfeeted 


by the way an which it iB named. . © 4g. 
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. Frequently we display ‘stts of objects in ways that emphasize the. 
gecimal base of our numeration system. For instance, we may ‘digplay ay 
. set,of 53 objects as .5. rows’of 10 objects, and 3, mores 
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Representations such as ‘this ao: ‘help chiTaren to titink about collections 
Q ts of objects in tetms of Bets of ten Mand some more” ) and congequently 
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direct attention! to the decimal base of our numeration system, This is .- ~ 
a true of any representation that displays collections of objects as sets 
a . of ten; regardless *of whether they are arranged in rows ,? in bundles, or 
vpatever. 
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- ss : The development of the piace value concept isa different ana more 
oe 4 aifficuit tatter. ‘The ‘place value, idea is associated with the numer 

_. * we use, and may or may not Be reflected in the Vay’ in which a set of 
nt a objects is arranged. , te, 4. Vs : =. = Z 
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, A ¥ . 
oe erm Ear tie numerak~ 53> athe > is in tens Place and the 3 fede a eno 


ones place. However, when & set of Jects ‘is displayed in rows of 
“gen (and some ones ) , as above, the ming itself does not suggest: the 7 . 
_taea of a tens place and a ones place in our numeral ayetem, But we ‘nny J ves Sap 


ey - move in the direction of this idea vy showing a collection: of 53 objects 
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- fitch some segacta: we often show each set of ten. a8 a "bundle" rather 
* than as shown abov e: In either instance, we show ‘the sets of ten ‘to 
the left’ of. the ones, “hinting” at. ‘the place value idea associated with ; _ 
numerals. We often yurther this hinting” by using ‘place velue devices oo *e . 
ain which sets of ten or bundles or ten are pl ed in “pockets” marked x . . 
hd - TENS, and remaining single objects are Blacgd in "pockets" marked ONES. % ‘ 
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An abacus representation of 53 clearly is assdciated much more 
slosgiy : with the ran value ¢ principle, _— : _ Y 


» 


« 


~ ? ' at » 
_ Here the number, of tens and the nunber ‘of (Dues. are shown by the ‘bea = Rey. os i " 
~ in aifrerent positions, The number of tens and the number of ones eidy , & ae 
"may be. shown! by “tally marks (ao ‘at the Left below) or by digits (as at = oe 
phe-sright below) in appropriate positions. . oy * 2f nS 
7 - Oe. 
: f go i: 
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of our numerals, The first row of numerals iste the ten basic syubols 


Phe Cointing Chart Chart highlights ten as.the base ‘of our numeration 


system. Tf we locate 35 , for instance;. ‘on the ‘Counting Chart, i” y : : 
“clearly may be associated with 3 rows of _10 "blocks" and ? “blocks” . . 


in the ‘next row. m3 . eo 2. MAR ge 


The Numeral Chart highlights an apeetant feature of > the structure a 
or digits used in ‘our numeration system. The second row of numerals | 

» 
includes those with 1 in tens Wace; the thira TOW, those with - 2 
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in tens place, etc, - 4 . . 


Each chart has its appropriate place in an ‘instructional program . - = 


x : 3. : . 


tr a ‘child is able to" complete, correctly” opexemte ‘such ab” 


SEA eh ee erties stereos 


h7 = tens + ones - § . 
this does not guarantee that he ‘also can complete correctly an exemple —~ er 
> S _ _ : : ~ 7 . . _ eee 
—~ : : rf . . de é & ; yy 
bead . : < : Pn al at a ¢ 
. 9 . = : 
. wt. 9 oy ‘ 3 2 2 = \ - 
° ~~. 2 ee . “gs x PF yt 
is - og - * A : 


‘I : 4 ’tens A ? ones = _ - 
_® The deve} opment of an understanding of the. place value principle demands ae 
~ that children explore its meaning and application with a variety of. , ° 
representations and ina varLety or ways. Suggestions made here regard- ; 
tng numbers less than one hundred can be extended, of couxge, to apply . 
to ‘numbers gr eater than ninety-nine, . 4 : F 
L- { 
* 7 ‘ . , , ~ i . 
‘ek << : : ‘Exercises ~ Chapter 8 = 
ll. In each a write = or > or <¢ so that the sentence will be 
true, : aa - ; 
~ oa, F000 + tob * 50 C) 7000 +. Po +5 0 . te —_ a 
b. (3 ® 1000) + (B x 100) (kx) C3640 | 
ey ao CO) res —_ ; - : é, a” 
» ; ; : a ss 
8 a, 3211 OC) 2tgiye : , ; os. . - - 
aol ne a fe 
: , ov . x , 
f. 3120, ©) ae) + (1x % x 4) * (2x1) 
oa our 
. 2.) Compete each. of the following to make a true eennone ns e 
ae Tetune we eight ~ : eight ee ys ; ~ 
so? br geven * “seven = seven om a 
" “ >. : : 7 | . 
Pe 28 ee a ’ 
: . - “Thine . nine nine. , ; 7 : a er ee ee 
ree 7 i. ge es | eS at : . ot 
: of Sei oie? a ee oo 
a. ad ? ae a _ ; ar : : 
: a wR: ae e 7 . = ~ Ra 
. ; . ~~ . 7 ae . <9 . 
v, . Se ee a See cence 
af : ‘ . : x PY * x 
> ~ : * 
§ 
» io : : : : ; > ‘ » 
233 ve > es _ ee * ry 
oe y ic e 7 * 


ae, 7 Ft & eee | _ 


a | - . 
. . Solutions for Problems = 
ol. ME . 852° ce 620 as Csi O99 
Q Ze Be aoe. YLE . 4 Ce Td a. 7 WD : Ne 20H ; 
3. Wo It = not needed ‘stace the system’ has no - plage-value principle. 
. : ‘ 
Ae oa. 2787 be 81330 es 460093 gx . = “tosh - 
: 5. a. 789 bd. 8306 75 as, 46083. 7 oe 
- a ee ry 70609 “ge Sho3 h., 95060 _ 
6a. 618k: 6000 + 100+ BO Ha 
. or $6 x 1000) # (1 > 200) + (8x 20) + (2) 
ae _ “(6 x 10 x 10 ¥ 10) + (2 x 10 x 10) 4 (8 x 20) + | x 1) : 
. sb 2350 7000'+ 300 + 50 a 
: (?°>x 1000) (3X 100) +(5 10) . ; 
(7 x 10 X 10 x 10)++ (3 X 10 x 10) + (5 x 10) i 
> gy 0702: ~—«K000 + 700 4 2 oD . 
7 x 21000) + (7 x 100) + (2x1) > ox 
. (4 x 10 x 10 X10 X10) « (7 #10 x 10) + (2x1) 
Te Be i be es ee, ote Nd. (4 = 10.) 
° & tae 9. 12 06h. 6 
F : > a, . - . . a — 
> oe a four =~ > se pour . = . 3 e6ur = oe - 
ie . . . : . . “ . . * a 
» “40 , 7 sy . N 
, aes 2% "four? Pour? Or ourg lee our? rourty ee our? Pour? Frour 3 vo 
de leour? 3pour? Tht eour? 2leour? 3 e0ur? Beouy? 33.2ouy ss 
. ; , ae 
li. “Be 5 ‘be §=126 Ce 198 . Ge L177 7 = 108 ; a “ ‘ aie 
» 1 a (3 125) + (hx 25) 4 (25) + (LD) = BB Ye | — 
Sy tbe (5 x 512) 4 (6 x 68) ¥ (7x 8) + (RK) = 300K | 7 
es - (he x 343) + (6 x 49) + (4X7) # (9D) = 170k 
anne eee ae es heres ters (Ge ee 
® ae ve % 
. e. Cray Gea es ~ - 
’ . » * i : Le ; " mia 
oo ~ * =z 7 rd hal 
os , . ne 2 .. 
% ? eee : i) e - 
Sy . ° - . an ear 
: | : e3h 
- \ * . . 


. oe ane . . . : a - 
vt RI hg Bt s vs . Sey ey = oy 3 . Mo Se 4 9 Se é see eS 
Qo - 7 : ~ : $a 3 se og ee : ne : ‘ < * a 
a . ~ a . . Tas * xe a “ae sie, i - 


i har 2 : ~ % 3 , f : me ; , * 
s s ee ‘ oy 2 . ‘ . . i ® : * * wae 


. ee: t ' ; Chapter 9 s 
. > So P - 
ee @ - PREMEASUREMENT CONCEPTS 


et . : : ’ . 3 a J 


“Iptrpduction "4 : . - - . « 2s . ©. 4 ae . ae _ 

e a Certain ‘basic e Sees riatret’ ex concepts have been presented in , a otek 
Chapter ore Real that ‘common: physical objects provided the, foundations “3s 8 
on which the development was built. This was SO because: this isthe * °* 
bia “inawnich Beometri cal ideas are eonveyed to young children, “Little” 7 
Was Baid at thas gine’ about geometric solids, This topic will now Ye, : 
cexténaed to gain. familiarity with associated vocabulary and characteristics 


a (as nae already been accomplished for many plane Sisuiess e #8, a: . 
oY te no fon of congruance “which has appeared ‘tn the earlier aiséysoioer ° - { 
will also/be a vital concept in “the following ‘development. It wilt poe a . 
. — & means of ordering sets of points which will in turn lead to the . 
~ > concept of measure. By this, ‘we do not hean ordefing the point’ as we - 
an have/aone ¢ on the x number line. ‘We mean asaigning an order to Sets of * . : 
a points as for example, among various segments, among ‘plane Pegtons, or 
BOlid regions. The, corresponding measures are “for lengths, areas, and - * ee a 
volumes, Thus we “an compare the "sizes" of different geometric. objects. , 
. The « concept of measure “will: be discussed in Chapter" 12s. “Tin this chapter, 
. “we “want: first to ‘identity some of the geometrical relationships ang. con- 
eis figurations by their mathematical names and next, to lecity Mle, conce rs - 


of ordering sets of points, ” 3 - ; . ‘ 


da : 


intersecting one He es « goes & 9 7 _ . 
The terms * intersecting and parallel are familiar aprougs éounon. usage . . 2 

ini describing physical phenomena. We speak ofa road that Tunes parallel 2? ’ : 

«i to. a railroad_track, or we speak of the intersection of Polk and Oak 7 lca 
— _Streets, and 80 on. These everyday references describe, al though someyhat 


_ more loosely VY» OS . same relationships. that. the jerms_inply.in.goonetxy, ~ ee eeeee entre 


ao Recall that. i‘ rsection is one ‘of ‘the set operations dealt with 
a earlier. The intersection of. ‘two Beds ‘yields a seb whose, menbers .are ; oy hee 

those-vhich the two sets have in common. The intersection of twa : = a to 
: then, gan be the empty oe ‘it can have. = it is the oe , , 


. os ‘ oe a r : ite . é aus : 
a) go Oe: . 8 : 2 : ‘ y = a ‘ ee 
waseeepe dt Fay * é . >. * » : a ‘ : 


\ , a . wa = 
2 sa * \ : 
. * ? x : a , ; : ; ; * » 
it the 0 afe gijoint. SH 5 2 2 es ae : 
; _ : i. 
= * ‘thinking again af as exampi> of streets, “it First Sbrect ‘and Sescan’ 
- tS Street run _parallel,- theie 1s no intersection, “ Technical ly,. we would 
Pro. simply say the intersection, is. eupty. However, the bess ‘formal des~ Se 
= ~ “wiption, that ™ there ts _20. intersection", is often used in geonety 
FOE the more accurate. description, “sae interséction is empty". . — tle 
= | - "Consider the lines AB - ana q as our two sets of points. the sha 
, = operation or intersé-tion may yield the empty set, a single point, or. a ee) 
en . line, The drawings, dilustrate: tiese pogsible situations. \ ° “a & es : : * 
- % . : * ats 
, . , 
: : » . 
OY. , wn 
: > 
z - ay ry 
% a . , < : pets 
» es ; . . a we 
i ‘4 = 
~ q 
» ns AB aw 


a ed > In general, “Nao intersect" or simply. ee impites the inter~ 7 ne 
x se Bection -has- ~meabey ss "ao. ttot ieersent” —- the pa ale) is empty z 
a 


os 
: A though We have only used lines ab examples, any sets ‘oP points can ae 
. “be considered from the pot nt of view of whether they ao or do not inter- ae 


, 
‘Sect. a live may~Ingersect a ane in a line, & poinit, vor not at ‘ls ify. 
there ‘is no intersect ton, the Line bs said to ‘be parallel to the plane. - Two 

a) planes ney intérsect in a, line, a ‘plané, or not at all; if they do not 


- ‘intersect, ey are ‘paid to be geraltel., a. = . an a oS a x 
» ie ? ” . _ . - ‘ er e ° so 
an . Ta spate, it is ‘possitfie that two Lines” are not parallePwnd still Se 
3 “98 wot ‘atgrsect. Picture a bridge over road. a6 an example. The . . 4 = 
bridge is not parallel “to the road, out does not intersect the, road. as : 
ei Necechiat ‘ee ee. = pe 
CD and cs in this “arawing provide’ another. faueple “of ‘nonintersecting,_ > —— : "» A 
i ° , ., . St t . > ‘? . 
. , . . ca =) J . ‘ 
. . ‘ ; > Bey ; =. : 3 A . = 
; = 7 . * 7 . t & a & . ‘ ' ’ 
y baer : . a ; . ‘ sf, . 2 R 
a x, = Lae S e236. tu i 
7 . vot 7 : : ; a. a . oes i 3 
% a ‘* ‘ « a Gory z = 
u z an , Pe a 2 ty q + > a s. eae - * ig 
ERIC os ee. st apt a rs 
Le z , = ad er ; . Sy t mh : j 
2 ~ 7 = 


2 . be: E - : ; aero . > i i 2. 


.nonparallel tines, TH cis not paraliel to ‘SS; neither do ‘the two lines 


intersect. 


a Ps >? 


— tf s and ° are sets of points, certain subsets of | § and ° T 

‘ N may be said to be. parallel when S end T are parallel. For example, 

. two segments are parallel if they, are subsets of parallel lines. 

* Also; two regions are paratlel if they are “gubsats of two parallel 
planes. <A ling may be parallel to a plane, and s9 on. Note thet GD 
and AB” in the above drawing are ‘subsets of parallel planes but are 
not considered to be parallel. Lines not lying in the same plane are 


, said to be skew; their intersection bs empty Note also that a prane 


-" > and a point , that is not in the plane may be subsets of parallel aaa 


® “dut we do not say that ‘the point is parallel to the plane, | ; > oe, 

. 

probleme*” ms = ‘ ‘ 
re .a 2 


* we 6 


« 


a. ‘Identity the intersections of the ee see: figures’ named. “They 
, refer. to the “aravings ¢ it the intersection is the empty set, state 
whether the figures are parallel or not. , 


* 


*solutions to problems in,this chapter are on page 257. 
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Prisms © 


GB ana FC: 


the plane sein saith vertices C, D, ‘'E Py 
and the plane region with Vertices A, 


E, H. 


TH and GG 


i 


. 


D, a 


bay and the plane region = vertices | 


A283; 6,.h 


BH and EF 


ase 


2 


~~ 


® 


aN 


~ N 


Tn Chapter 5, 8 sentaneiar prin was Adecei Bien end «looked ‘at’ 


ee briefly.’ 


faces. 


"do intersect”, -hovever, the gat. intersectio 
edge. In the same manner, intersecting "lesa determine a point called 
Thus, :the above rectangular prism is the union of its six, 
faces, contains twelve edges and eight vertices, 


=} vertex. 


tt was noted’ that it was composed of six phane regions called 


The intersection of any two faces may be empty. If two faces” 


. 


on is a segment called an. 


from a .rectangular, box; ally of its faces are Tecbaneular regions. a 


The pictures below of a deck of cards pushed into an oblique p posi- 
tion is also a model of a rectangular prism. 
‘are simply. : 


a 


bd x 


f 


2 


, 


The-criteria for a prism 


XN 


there are two congruent polygonal regions 3 . 
lying in parallel planes, and the edges. * 
~which do not belong to these paral planes 

are all parallel to ¢ one another. Ri 


* 


Its shape was abstracted 


* 


~ 


eo 
‘. 


was e 


bd :° . oe 


. Thus in the figures below, the first is a prism but she other two are 
not, a, oo a 


Congruent polygonal — . Congruent potygoneal <« Edges parallel; — 
~ee oo RR S paral Tey ~—-negtods “ip-fiarallel “°° “polygonal regions 
planes; edges parallel. planes;. edges not ; not congruent. > . 


parallel. 


* Whe congruent regions in the parallel planes are called bases of 
the prism, and the prism may be identified according to the kind of 
“bases it has. - For example} the ‘rectangular prism has rectangular régions 
-for bases; the prism shown. in the figure at the left above isa penta- : ( : 
_ gonal prism; either of the figures below is a triangular prism. . 


a 


_ The faces of. a prism that are not bases are called the lateral — , 
- faces. Note that each lateral face is a persiieicgras region; the 
“poundary of each lateral face consists of two parallel edges cabied 
bs : lateral edges and two sides of congruent polygons, The two sides of the - : 
congruent polygons are also parallel, thus the boundary of each lateral . & 


2 . 


face is a parallelogram. 
If the bases of a prism are also parallelogram regions, the prisg 

is cakled a parallelepiped, Thus; the rectangular prisms are a sub- 

‘family ‘Or: the: parallelepipeds. A cube, which is the. unjon of six 


congruent square regions, is another kind of specialized yectangular — 


- prism and, hence, “is also a parallelepiped. A generd ¢ chéin of quadri- 
‘Laberal prisms can thus be formed just as was idéntified for quadrilaterals. 
. 


< = : r : , i 
ts 239 | P 


Co .. 7 ‘ ° wry ‘ 
ENC : r ; 


ome * | . » Be cs _ » é. 


. ’ 
0 8 8 The above two pictures of the deck of cards illustrate anothegg. “_ * 
— ; “property by which prisms are classified. In, the first case, the lateral’. ; 
. faces are ‘rectangular . regions; in the second drawing they are parallelo- a as 
' gram regions’ gniy:, The first is right prism; the second is an ebeidae & er 


. . prism > The i obexal faces*of ri prisms are rectangles. The tri- 
angular prisms shown ebove are right prisms. A cube. is @ right prism 1 


all of whose faces are rectangular regions and, more spect stents, are 


square regions. aren ; 3 : . . \ 
a : . a a . a u 
s % bi 2 bt re . . : % . : . : 
> Problems a acne Lo 
> fe, > oe : oe a . a | 
' 2. a. Select the Figures which represent” prisms and give the name ‘ , * 
= which vest describes each. - ee eae, — 
so >. For those figures ‘which do not represent prisms, ptate wy © 
so “they fail to qualify. ; : ei, > 


7 
> . 
“ae > ge (D) ~ > CB) . 7  (F) ' 
» : ‘ * , : ~~ a‘ 
. * + Be Dhee a figure representing an oblique square prism. 
| 
: aol . 
2 : . : 
? : bs . v 
bs + - 2 » 
- » \ 
Y , 5 ? 2 
. “ 
fon 
= * * 4 wv .4 
= al ~ me 


The drawings above esranen a yuanies of a familiar set of geometric 
solids,. namely, pyramids. As is the case for prisms, here are a great 
" variety: of/eizes and Shapes of pyramids. Each must satisfy these 
_ criteria: 7 = th * . eee 


* 
es 
.y 


there isa polygonal sence called the base; - 
inere is a point called the apex not in the 
same plane as the base where all the lateral 

edges intersect 7 . : 
; éach lateral face is a trianguler region ; 
Pa 

. . ~ 
Analogous to “the classification of prisms, a pyramid ‘is identified 

- by its base. Tn was firet figure. above the base is a ‘square region, and” 
~~ SO itis a ‘square pyramid. The others are a triangular pyramid and & 


pentagonal pyrania respectivgly. A, B, and C“denote their respective - 


. : » od < . * 
. . & 
apexes. +e ’ . a4 & 7 ; 


2 


Problems -«e * : _ . 


4, Wiich of the following are drawings of — . 


5. *“a. State an cFproprigte name for this pyramid. 
cee. De Tdentty thetapex, 
Ce How, many edges does it have? 


A 


* a. How many faces does it have? 
‘ _ a r : . . : r : ; = . 
eg a y 
Pe LF . 
6. What are-the possible intersections of two lateral faces of a 
: pyramid? . f : 
. fe . * so . ‘ % : 
‘ , - . ae phi : _ 
yO : . 7 ¢ 


_ determined by the apex and & side of the base. "as 
ae Q 


Oyoaw Ay. 


ey Se 


. * . 3 * a 
aes 8 4S 
y a 


Cylinders ‘and Cones . 
Although we have not discussed all geometric solids “that are the: 

‘ union of flat surfaces? we shall how turn ouk attention to solids with . . me 
non-flat surfaces. These 7 figures neEpeeenh Sy eere: The two faces 


. *» 


. 
.*, é 


a“ » 


- must pe congruent regions in parallel planes. “They are-called bases of . 
_ the cylinder, which is consistent with the other uses of the same tera, | 
Although the examples. show ene IR circular Pecos thistis not oy 
" requirement of cylinders in general. At this time we shall not’ consider 
oO cylinders with bases of other configurations, s0~the. discussion wilt be . 
Limitea to circular cylinders. The boundaries of the congruent bases “3 
are then congruent circles and are edges of the cylinder. 


The remaining rounded portion of the simple closed surface which 
-¢  .° + * defines the cylinder is its lateral surface. The distinguishing 

i _ characteristic.of @ surface which is not flat ‘is that'a segment deter- 
mined by two of its points ° is not necessarily a subset of the surface. - 
- . . The drawing below*illustrates this feature; Xe is not a subset of the 
lateral surface of. the cylinder. In fact all points of AB peviesn. A 
and. B are in the interior of the acral ~ . 


’ 


~ 


~ 


. : It is possible to find segments which are subsets the lateral 
surface of a cylinder, however, Such as @D. In fact, this is ia means 


Rae by which the Lateral surface is specified,’ as we shall ‘show below. 


a * 


: { . — 7 | 7 2 4 : ; * 2," 
* "Rach of the bases’ has Q center; therefore a segment is determined 
‘by these two points. The line containing this segment may be vepercea a 
: to as the Line ‘of centers. Consider any plane of which ‘this segment is 
a subset. It will intersect the bases in two segments cailea diameters, 
such ae BB end GD in the ‘figure, Each endpoint of ove Qlameter is} 
; » to be paired with the ‘appropriate endpoint of the other diameter in order . 


’ 


\ Cc. : 
‘to be able to describe the set of points in the lateral surface. The 


Pet "appropriate" endpoints of the respective diameters are those which 
‘determine a segment that does not intersect the line of centers. Thus, 


vin the drawing, A is paired with C ana B is paired with D.. 


By Ae ee a different plane, we will obtain tyo new pairs of 
pol iS. If all such phanes are. conceived, all such pairs are generated. 
“Then we say we have defined a correspondence between ‘the points in the 
boundaries of the two congruent bases. Any two pofhts which are thus | 

paired are corresponding points: ° _ ; , 


» 


. 


Each of these pairs of corresponding points actevaides Ss segment . \ 
a parallel to the segment connecting the centers. The union of all seg- 
_ ments determined by corresponding points is the set of points in the 
desired surface.” Each segment is sald to be an élement of the eylinder. . 
Any two elements are parallel. “In the figure, MN and XY are elements 
and therefore are parallel, . | 
X < 
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The mpeceainn description for seiesatinagtne lateral surface is 
rather involved, This. is because we want to ‘spect ty the particular = 
correspondence we nave in mind since otifer possible, configurations can 
be formed with the required pases, If a different corresporidence were 

te  "Gefrinea between the points of the boundaries, a figure as in (a) and (bd) 
below might evolve. If no segments were spepified, the resulting figure 
might be as in (c). . % 


Ob) : (c) 


We can now. state that a circular cylinder must satisfy these 
rs ‘ ; 7 re 


’ 
7 > 


criteria: 


a 


there are two ae ae oe regions in, . - oe” ease 
paratlel planes; © : ee 
’ there ds a surface which is the union of 913 
— S segments determined by corresponding pointe of a | ie 


ais : the boundaries of the dases. ss ‘: 


’ . . Referring back to our first two examples of cylinders in this ~  . 3 
= section, the first is a right circular cylinder; the secomi is oblique. 
,» In order to be right, any element ofpthe cylinder must form Bene angles 


with each segment of a base which intersects ae 


wt is apparent on reflection that there-is a distinct sinilarit 
ae. : betwden the ‘cylinder and the prism. rm They each- have congruent, regio 
in Pareles planes for bases. ap If altappropriate correspondence wer 
pa set up & 


ween the points of sides of the .bases of a prism, 


ois what the bd ses of a prism must be polygonal regions while se of a -. 
‘4 ‘ circular cylinder must be circular regions, It is the case that a cylinder 


a _ . , « 5 #3 : 
os oe . : x : pane 
= : . \ . a or ; : % 


-, can be define in such a. way as to ine] ude ‘prism’ ‘es a subfamily of - 
is cylinders; 3 yee this wit not be. done ‘for “the elementary level. 


. 


"By the” same ‘token that ‘cylinders are analogous to prisms, cones oa : 


aretanalogous to ‘pyramids. As with cylinders, ve will westryce the 7 : 
plane region of a cone to a circular shape and designate it as the base : ys 
‘of the cone, The point which ‘is not in the same plane-as the base’ 
describes ‘the’a sou The lateral Surtees ‘is not sO difficult +0 describe \ 
: : : - 7 : ? 
| : | ; . ; : 
4 ". ‘ 
3 : a * o : 


< z wf _ 
e A . 


ain this sien. refer si mo the set of line semante ‘dete 
. epex and each point of the ctreular boundary of the base, 
? 7 i bs ® : nis : , 4 7 % 


- ghoplene _ @° 
——. = 


-"% State a, definition of cylinders so that prisms woulg be a SUD 


e family of cylinders, ) namely polygonal cylinders. ‘ < te — 
: 8, . Describe or draw representations of the intersections of a plane. : : : 
= and a right | circular cylinder, if the phané does intersect the v4 
cylinder and is [ 
2 ‘a. parallel to the Balen: . a ne a ° 
Oe Ws parallel to the line oft cénterss oe _ 7, 
c. not parallel to See base nor the line of centers, ° : 
| > . “NN . a ° ‘ . . 7. . , ; 7 : : ) 
; “Sgoveres is eo UC; 7 . 
. “The final: solid to be included i the sphere. “BS is the case fora. : 
= circle, ‘a sphere has a center. All, Segments “connecting ‘the center of the ’ 


eee Sphere and a point on tha sphere are congruent. Indeed, aie specifias | 
the set of aie in the sphere. ° They are: - 


< i 
all endpoints or Pec renrnes segments . = 4 “ 
—o° 7 a ee ‘which have one endpoint in dommion,. e , . 
- "but not including ‘tHeir common endpoint. i Bits . re 
~~ , re Og - = 
re - 4 : ; 
. ‘ , als i " » 
°. = . ’ » . LE 
, Q.. x { on ae ° 
—_. my ad a | = 


“wey 


Qe 
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e The congruent vecuake are radii (singuler: 


a . ' 


radils). . The union 9f two” 


ragtii which are each subsets of the Same line is a ‘@ianeter. 


* figure,.O is the re) KO ~and OB are radii and therefore congruent, 


> 


and AB is a diameter. = x _ 
aan ‘ ° ‘ an Sy . , x 


A hemisphere is*half of a sphere, Any planegthat contains the . 


In the 


» 


center ofa sphere will, "cut off" a hemisphere. 
eos ‘ sé . si 
a~ ‘. . \ * » 
, a ’ a. Ps >. 
on ‘ 
ry e 
% t 
: . . 7 . , 
: : ~ . t " * . ‘ 
Problems .°. * » “7 6 = x a. 
9 Identify the intersection of im sees o : = 
7 &. a plane and a sphere; 
5 i ; 
‘ bd. ‘the center agd the sphere; fi abe 


c. a diameter and the sphere; : 


a. pee center of the sphere and one’ of its hemispheres. . 


. 7 ° ,) 7 
ordering Sets of Pothts _ : 
: hice eee of sets is nob a rew topic. Chapter .2 was devoted 
* to the comparison of sets according to One® and certain properties of. 


ordered wets. The approach taken was to pair’ the members of the two 


sets in question. Then, it was possible to decide whether one set had - ~~ 


more or fewer members than ‘the other or whether the two sets were 3 


7 


‘equivalent. If ‘ve try to se the same: process with sets of points, 
“two difficulties are encduntered which make the procedure impossible. 


a 


; , oe | 
2 ‘g 246 : 
. a OF det. wy " * 
. ~: 


~ , . 
. _ Take, for example, two segments, MN and: XY . Each is an infinite = 
set, and therefore if we began pairing points we would never exhaust the 7 
+. ’ a oe + 5 * ba Pp . N 
7 > x . M ae Q % 
. ; e 2 “ . ; ; i a : ? : 
= . * . XX w a Vas 


points of either set. This apone elaminetes pairing*as a means of 

ordering. To compound ‘the problem, showever, “there is another property = 
of segments that defies pairing; that is that they are continuous." If 
two points, say” P and W, are chosen and paired, we cannot select the 
_yoint next to P to pair with the point next to W , because. there are 

, no next poihts on a segmert. tf for ‘instance, q is named in MN there 
"are an infinite number of po Wits between P. and Q , so nothing has been 

accomplished, : ~~ : 


ry ; we 


Then, how are segments, and sets of p ints in general, ordered? We 
a ? & ’ 


N 


- can resort to our concept of congruence to aseiet™ Usy It has been estabs 

* lished intuitively that two line segments. are congruent AP a movable 
_ copy. of one can be mai ched and fitted exactly on the other. A gimilar B. 
_ procedure serves to indicate whether. wurves, polygons, ‘plane regions and 
so on are “congruent. Tt does not prove useful in: determining whether or . 
“not solid Rigures are congruent, however, since a movagle copy ove) 

. Solid cannot always be matched and fitted exactly on ‘the other “ing 
Eine: exemple, @ solid block cannot. be fitted into another sglid block. 


oo, 
7 * 


“If two sets of points are not “copgruent, “we can still conceive of 
- an order betwee them, , Suppose you measure the dimpnsions of this book. 
Its length’ is shorter than one meter. You are essentially carrying out , 
& comparison of set size with the aid of a movable copy. The sets on 
compared are an edge of your book and a platinum bar inf the United States 
Bureau of Standards in Washington, dD. C. “The movable .copy is a meter 
stick and its sgale is a record of the Length of the bar, By stating 
that th ngth of the edgesof the book~is shorter than one meter, we 


" . are“orde the sizes of ‘two physical “representations ‘of line segments. 
In particular » yout book is shorter than the var. Sg 
Vv ° . . 
* le oe are _ handled in a similar fashion. Suppose 1 it . 


is desired to order the two sets ri and a x We make a copy of MN , 


. 
a > . V - = 2 bd 
= 2 2 
? : 
» - 2 * " : ve od 
. . = 7? 


ERC. re en 


“i oa 
yw 2 xe Woe 


% ‘ ot ® to. : os > 
by, * + pa” « ne a 
se -. "tnandeted by od gel segnent, and lay it yf wT . We have already ag PS 

| ; Wenn a er ra 
7 : . : ar as : Sy 
tea ; said that if they Fit nay MN and HF woula ve: congruent. JTfys - 2 . 
: ~~: “however, they ato not, one, of two situations must exist, RE willbe 9, . — 
7 congruent to a proper subset of MN or MN will be congruent toa . a, ee 
proper subset of XY. In the first t instance, we would sey XY is" a ae us 


Shorter than MN. cr, ‘equivalently, “ht ‘is longer tien” YY . ‘ine 5 secont 2 
possibility is: interpreted™as MN is shorter than” XY . or ed Je . 
"Longer than - MN Our exampig denonstrates the ‘first. case, since XY 


: ; - 
> . is congruent, to.a proper subset oF WN . We can ‘order the sets by’ 
a. , : 
M UN eo... lee 
‘ thee ge Foe x» aa * R 
“AK : Y is 
we oe : ae - x _ s . 
XY‘, MN in sree ses tag order. . ; _ % & re 


“ 


For rinite sets, A and ‘B ; ee thet comparing sets assured : * seg ~ 


, exactlygone of three possible oute meg lt = 
my A -is. equivalent to B's . 2 _ as | 
ot 4 = 5 A has more members that B 5 a aS a. a a * 
roe . A. has fewer menbers than Ba - es “ 
* Now we can state the parallel nelationshipe for infinite sets of points, . . a > 
AB, and CD: . . os ae ae 
‘ a AB is a © . Pos “PB a 
— 5 | AB is longer tham @D ; aes ° ° ste 
» ; 7 KB is shorter than GD. ’ ve  S 
> * 4 
Note that "AB, is ‘longer than (€D" does not mean TB has more dembers 
3% than CD. We are ‘saying nothing. about "how many" in relating infinite 
sets. By nepeutes comparfson, it is possible to order more than two 2. 
. “Lo segments. Thus QR delow frould fit into the order © pear Re, MN as = via 
ania ne “the “diagram illustrates, 4 find that QR is “congruenita to ‘a subset _ * 
or MN, and that XY is ‘congruent to a subset of wR \ Therefore’ 
~@ is shorter than MN ana OR _is longer than XY, 2 
Roe oes S «Ss Q ; . R ey 
- Go Oe eR 
: M ) ; ni x Yo. & ) 
2 a8, — " 
. : er As ‘ ‘ 
. : ? 
re) ; a > l 9 © ; - 3 : 


ee ON ‘Tn Chapter 124s. these order cree es wit ~_ restated. ‘in terns: 
7 of numbers associated with “segments. Thésé nunbers will be: the measures 


Pigs: s) 

. rs 3 3 ae: segments. By our’ ordering, however, we have done no measuring. ~ ow 
hy 8 wats 
°. "The, second kind of geometric Pisunes’ that we wish to order is angles. ° . . 


; An angle is ae set of points aerined. by the union of two rays, not 
‘'.- gubgets of. thé- ame line, which have a common endpoint. Just as siiple ei - - ; : , 
.closed curve arate a plane inte three subsets ae curve, a8 ine. 
‘terior and its pees 5. angles~can be thought: of- 2s doing the same ’ 3 . 


a4 things | A “point | ‘is in. the peers of an qyeie if it lies aetyeen two ; : 
- . : a _ 


“ So 
a. — 
mye ; 7 
ye ok dy. . 8 
— _ points, ave on each ray, aaa of ‘the vertex. Thus 8B vis in the | a 
Gus _ interior of . /ABC and Q is in the interior of . {DEF . ae wis in” 
one 4, “the exterior of. {DEF and R ‘is an exterior zcine of ase : ie) 
ron 4 be — . 
7 on ‘To order pr enghes, we aly on a movable copy of one in mutt the lee 4 
. Same manner as we aia for segments., wot the angles pi ‘tured ‘above, ‘we 2 
‘. °. gould place a copy. of _[aBC over [EF so that one h . 
; coincides with one side of. /DEF ¢ The figure below euove one way. ‘the 3 a 
copy can be positioned. ie the second ‘side of the, copy also coinkides : . 
*. with the, second side of {DEF , we would say * os ss iA 
eo, _ oe, is congrige vent to {DEF ..<, ° 
. am) . a . - 
; , = N ‘ .” * : > 


Wap nenenc th Sema ek neti ee Sapte mR te, 


bee) 
aa 
= 
ie] 
é 


a 


ae he 


x ee > 
: ‘s 7 . 


_or DER. ‘is’ smaller Ahan, faaee . . 


® 
v 


“the same position in the order. aq 


’ 


if it is not possible. to pet such a coincidence, as it is not “for obr 
angles, we define an order. Note that the points of ae , except the 
endpoint B, lies in the interior of -{ DEF . aneaeye this phenomencn 
holds, we say a ae . 
- + a0 ery smaller than / DEF ae 


2 » 


. or, | equivalently, Fa DEF is latger than / ABC : if! it rnapplehea that. 


»bhe interiors of the two angles have points in common and that BE, i 
except for B : were a subset of the exterior of ‘Lur , then 


a 


* 3 ee _ ~ [ae is larger than 4 


vars 


_” Considering a thira angle, +/ GHI , we find that a : -excentggipr 
C6, uff in the exterior of ABC aa in x interior of al Two 


¥Y 


‘J statements expressing this are. [cut is larger than “awe , and / GHT 


‘Ig smaller thane / DEF . In increasing order, we-could write / ABC , 


LGHI , {DEF . As for ‘segments, ‘this procedure can be repeated in- 


definitely for as many angles as we wish, Congruent angles would occupy . 


~ 


The definitaion of measurement for angles will not be included in 
Chapter 12 because it is not treated in the K-1 text materials. It has 
been discussed here to indicate that the ordering of sets of points tan 


ve. accomplished for figures other than Segments. It is actuglly possible . 


_ to use’ congruence as a means of ordering regions and solids also, although 


it is a bit more. complicated. It is not possible, however, = order 


‘unlike sets of points; that is, we cannot order segments and ‘angles; y nor 


| segnents and plane regions, and so on, . . 


Na, 


Problems 
“210. Represent B , cD ‘and EF ‘such that their order from shortest 
to longest is GD , BB, EF... A . _  _ * 


n.. “pines bad sets represented by the angles below. -in' increasing order. - 


"appl cations to Teaching _ 


. Teachers have found it pak helpful to have cl the room a wide 
; coPlection of objects which illustrate geonetrical solids. ‘Children 
4 “also enjoy bringing such objects from home. Effective ways of using? 
these and: other models have been recommended in this section of | 
Chapter 5. : fe x 2 3 , 


On the-next pages are inciuded four ‘patterns to be used. ‘in con- 

; structing geometrical solids out of paper. Having the children observe 
your demonstratign of a construction emphasizes two aspects of Igolids. . 

Many are the ae plane regions that ‘do not lie ih the same plane, 


and they are hollow. 


The ideas in the pre-measurement ssetion are most important. The 
children should be asked $0 participate bs much as possible in manipulat- 
ing Figures to compare their sizes, poth to understand congruence and - 
order. They” often experience some difficulty in visualizing congruent 

- regions if they have different orientations, - ‘practice ‘should bie 
_ provided with this in mind. 
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_, PRISM - Construgtion of a square Poism. 


Draw the two squares along AB “and DC with ‘tabs,. as shown., 


2 S 4 an a a > 


Draw a rectangle with vertices A,B’, C ;-D as shown. * 
Draw, as, shown, three other rectangles’ congruent to “he pectenghe: 


already drawn with tabs. ; + 


Cut around ‘the boundary of ‘the figure and fold along the ‘dashed: line 


. segments, 
Use scotch tape or past. to hola the model together. The tabs will ° 


help give rigidity yr the ae You may want to trim then some if 
you use. scotch tape, 


a 
+o 


The bases ofthis pecbanaulee prism é are | Squares, mens the name - 
_square prism, mt 
This picture has been reduced photographically. the original had the . 


length.of AB as 1 1/?"..and that of BC. as a" -This made a 
vl “ere «2 alae x ae ; 


are ‘prism. : 
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- PYRAMID ° - Construction of a square prenia. 
La _Draw a dquate with vertices A, , Dy E as shown. 


. . . ~. : = ‘ 


a : Pa oa > > = : - Ce 


— *: 3 ’ 


2, - Draw the arcs with centers at A ana B ari radius AB. Label , 
she intersection shown as &. 


: . 3. Draw dashed line segments AC and BC- to form “aashea" equilateral 


‘ triangle with vertices A , B e% Draw tabs as’ shown. ° 
hk. Repeat step 3 to obtain "dashed" equilatéral triangie with vertices i as 


E,D,F with tabs as. shown. ies ae 
5. . “Draw the equilateral triangle showmm_on ED and AE .- es 
. 6, Cut around the boundary and ‘old along “the daslied line segments. 
7., ‘“Pasten with scotch ‘tape -or paste. The tabs will help in putting the . 
: model together. You" may want to trim some: of them if you use scotch tape. 
8 -This picture has been reduced phebeeeueeniy> The aaa model ' 
. had we Lengths of, BB 88 2” a4 , 


3 a. 


~ 
_) . a 
~ a 


of a circular cytinder. . : | . *- ® 
as. Draw the rectangle with vertices. A 5 Big Oy DB. . i g A - 


on 


.. ®®& Draw two congruent circles with radius: ‘as shown! ‘In order to upke the" | ‘> 
* AN model, easier to.gonstruct, ‘ > - 7 e . — 
oe -. | these’ circles cee ‘tans . h, , Fold inte the form of 
L gent to the rectangle. : a circular cylinder. 
~ .,. 3.: Cut around- the boundary Use scotch tape or 


of the figure. Do not 
4 separate the circles 
a — Srom the rectangle. 


. paste to fasten the 
model together. Place 
»BG on AD finxst. a 
Fasten the bases , ° . 
last. “Do not fold’ 

the tab at BE , Gap 
it over AD’ -and paste 
or. oe with tapea 


This picture has | _ 3 
been reduced, wa 
‘photographically. > 7 
The original model ! 
had bases of radius . 

1” with the lengths 

of AD and AB as 

a and approximately 
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6 4 3 respectively. 
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‘ a 
CONE | - Construction of a circular | cone. = a 
a. Use a compass to draw a circle with a yadius vas shown in the @tagran. 
~ Draw tabs bs shown. . 7 
+ ~fut around the boundary of this figure. The circular region will be 
- .. ‘the base of the cone. % 


3. Usea compass te draw a semicircle with a; radius as shown in the dies - 
gram. | C is-the center. of the circle. EB is~a diameter. Draw the 
tab as shown. > f > 


“4, Cut around this figure. 


%. Fasten AC to BC with “oto tape or paste so that’ oC Pelis on Be 7 
6, Fasten the base ts this model by folding the tabs andpugi scotch 
’ pape or paste. 
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Be os How many edges. does a triangular pyramid have? = 


a. sphere; : dv. 


2 . > . 
: " . , 
a = F ‘ < > aS . - = 
so, eats 2% . 
~ Fos, - Exercises - Chapter 9 , 
» a * 3 as : . 
? a > » * 


Why is the foulowing definition of sareuien segments not Suet ciets 


to determine what We mean by pee segments? 


v 


Two segments are parallel if tiey lie. 4 ° oo. 
in the sang, plane. and do nQt intersect. . 


» 


a * A FY x 
What are ie sets which may resulé in the tabexpection of a line 
and a plane? _ aN . 


. - 


eee a paper model of & square pyr. : ae ‘using the patter: on ye 
Faia oa , a . : 


ey 


be - How meniy edges does a rectangular pyramid have? -. yi 
cs If the base of a pyramid has n sides, how many sees does ee , 
pyramid have? » se \ 


= Identify by. a drawing the intersection of a sie ‘parallel: td \ ne 
" ama the cone, if A is the apex and 0 ‘is the center of the pase. t 


Assume the “plahe inter — ‘the done in more than one point, f 


Which of the fitseie solid -regions must be’ convex sets? 
circular cylinder; c. 


v 


State in. Increasing order the sides of the ‘trigngles 


. : z : ’ “a 
. oe x . x a 
Ot x wo Y - 8 
Why; is it incorrect to say AB is a gubset of the interior of | 
d MAL ? : . ee as . \ 


Paes ‘ t 


quadrilateral ayeaes . 


.e 


: A Lateral edgé or the apex 


Solutions for Problems 


e. a }3 


2 


? 


not paraliel. 


-¢F) non-convex 


A 


bres 
» 


Ps a. 3 
a C b.. DE ca f a3 Sani are parallel a. 4H 
a. (A) - eude; iey: ‘pight pentagonal. prism; 
quadrilateral. prism. , = 
~ be (0) There are not 2 congruent, parallel vases; the lateral 
< . ; edged ‘are not ‘parallel: : : 
. (pd) ‘The congruent faces are not polygonal; the inven sirface 
* a “4s not the union of parallelogram regions. — 
(E) The parallel bases are ‘not congruent; 3 the lateral edges’ 
: < - ware not parallel. 
: ’ . ? y . 
- ms 7 * 7s 
} 
(bo) , fe), (a), fe) > 
Be quadrilateral pyramid : 
b -D , 
Ce 8 ; ° = 
a 5 , ‘8 


A eylingar is a geometric solid which is the union of tyo similarly: 
oriented parallel regions \ whose bounded are simple closed curves 


pnd all the segments determined by ci ci points ‘of the 


. congruent voundari eB. 


Be . circle; ; 


~~? 


a) 


De a rectargle or a segment re to the 
- segment ocho ee the centers; 


Be 8 ekrele,- ) point, OF Ne 33 bs 
‘the ame ee 


two points--the endpoints of the diameter; 


27 


{ }3 the center is not part of 
sa ae Gee 
a~B . F 
Js 
‘ a 
11; 
wm 7. 
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ke, OB, a . . . _ _ 
We can partition one région, 1 make movable copies and Sa: then on 
‘the other region, hie they Bk, we will say they hve . the same BEze. 
if they do not, _one will be larger then the, other,  *.. * 
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Thus, the rectangular rggion is larger than the square region. 
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. Chapter 10 Re, i. 
\ oe ee ; f. a 
_ _, ADDITION AND,SUBTRACTION TECHNEQUES . j 
: . ae . . 23 . - 3 a —* —) 
* Introduction ee es . _—? . \ 


We have used sets to describe addition waa subtraction ane to . y en _ 
. develop its properties. knowing phat 5 +3 is ‘the nuuber of ‘ase? ss 
in AUB , awhere JA is a set of 5. members and B isa disjoint set . a 
of 3 memberg, enables us to count* the wienbers of UB and to dis- , 

_ cover that 5+3 is 8. Knowing that 5 + 3 = 8 , from the definition 
of subtraction, we can see that 8-3=5. This . ‘fine, but it does 
not reatty help us much if we want to. determine 892 + 367 or 532 - 218 ; oe 
“Bo do problems like these quickly and accurately is a goal of real _ * 


+ “ ss rs, aN 


ae importance. Tt-is a goal whose achievement is made much easier in our . ‘y me 
_ ae 


decimal system of numeration than in, for “instance, the Chinese or 
Egyptian systems. Va i 


- This chenter is concerned with explaining the whys. ahd vherefores . 
of so-called "carrying" and "borrowing? in the processes of computing. : 
- SUMS and differences. Regrouping is a more accurate. term €or ' ‘carrying: 
and "borrowing" ‘and will be used throughout this text. . . 


What does the numeral 532 “stand for? It‘ stands for 500 + 30° +23 
,or 5 hundreds 3 tens + 2 ones; or again, since one hundred stands 
, for 10 _teng, 532 ‘stands for 5 droups oF ten Sens +3 groups of * -_ 
ten + 2. ones. “Also if we know that te number has 2 groups of ten tens 
and 7 groups of ten and. 8 ‘ones ; we: ‘ean “write a@ numeral for thet aimber. 
in the forn (2 x [20 #o]) 3 (7x 10) + (8x 1)! oF 200 + 70 + 8 = 278. 


When we write the numeral in ‘this stretched-out) way, we have written it 


“in sienien for fora. ‘ a ° 


» wy _ 
ill Oo ee se a 


We must recall how our system of ‘pumeration with — ten is built. . . 


_ Hegrouping Used Usea in ‘agaation * ao «sss 
t » ‘ 


oe “het. us assume that we inge the addition facts for all the one-digit 
: vineLe ninbers and that we understand our decimal system of numeration. 


a8 inh gt 


+. - How does this help us? Let's “try some examples. ’ Suppose we want, the . te 
sum of 42 and 37. Since we are adding. (4 tens +2 ones) and 


259 


7 - . . an 
= i : , th . ber 
(3 tens + 7 ones) we get (7 wens + 9 ones ) which we can write 


as 79. . a ; BN 


a8 E o~ 

re - Essentially what we are doing is finding -how many groups,of tens 
s+ and how mehy units we have and then using our system of numeration to 

_* .  weite the correct numeral, We may show this in several different forms . 


4 *:(a) |3 tens + 7 ones 


h tens + 2° ones 


7 tens +9 ones = 79]. 


+ 
* ; 
. 


i oe <3 . Or we may, use an equation form such as 
37 3 he w(90+ Dee (ho Bp a 
mie oe og ue (30 +40) +(7.+2).. ° Applying the associative: 
. : 
= 70°+ 9 and commutative properties 
= 79 ty 


Det us now add 27 wand 635. This time we have (2 tens +7 ones) 
+ (3. tens +5. ones) which may be illustrated: : 


XXXXXXXKXXX) 2 © + XXXRXXX 


_ Sfxxxxxxxxxx 8 = : 
: ee . . we. ar 


, 


2 tens. - +) 7 ones 


“3 tens . ; + 5 ones 
a 


. 


Ry putting these groups together we now have: ° , 


| | 
EXEEESEEEES | 
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* or algorithms, such as! — . s eg 


. , 7 
-. . . i r Z 
7 . . $0 7 . , . . A 2 we = » ? 
We now_regroup the. 12 ones. and get another set of¥1 ten and 2 ones. 
. 1 ten - 7 ee 2 ones ~ oe sa 


_¢ We now add §§ tefis.+2 ten) + 2 ones. . . a i 


" y 5 A : os . _ ‘2 
i Pe RX XX XXX Xo a 7 “4 


a : Seg a 
2 (x XRXXKXRKRXX e 4 > . 


Sf» PX x HX x} Oe Mo ee ue 2 « % S 
1} _ “a Ses & Bae, , . 2 
rome enaed j 
ae - j 
RX XX KX x]: 


5 wens +1 -ten ob, 7 “2+ ones. , 2 oR 
, - 26 tens + 2 ones = 62 


Or, algorithms such as thesé may be used: 
- (a) J2 tens + 7 ones 


a 3. tens +5 ones 30 +5 


{5 tens+12 ones,, or *. . 50 + 12, or. 


ten + 2 .ones, or 


50 + 10 + 2, or 
60 * 2 = 62° 


ones = 62) 


Using an equation form we may: write: ‘ “? 
~ . : ° — * 
eB 35 = (204 7) + (30,4 2) Oe : 
es . es C “+f30) #7 +5) ’ - Applying they associative 
ogee ‘ * , and commutative properties 
— ee a a He OS _ . 


=50+(10+3), “™ > : oO 
= - ne Applying the ‘associative 
. + . = = . 


» 


vO i .. = 62 : : aS oo. A : 4 ae , 8 
We may extend these same ideas to the addition of two whole numbers, - 
each greater than. 100. Suppose, for instance, that we were adding | “ee 


568 and 275 :_ a 


Da . > . 
? é 2 


y ‘ : . 7 i 
: , * é q 


ar 
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ERIC . 


- (a) 5 hundreds + 6 tens + 8 ones de 


‘ . 2 ‘hundreds + 7 teng + 2 ones: , aes 
* ~~ We hundreds + 13° tens + > ones,? oF , ; 
7 hundreds: 1b, bes - + 3 aide or, ae - 
s 8 sungreds - +h te | 
Oe — 
. > si Pose 
disse (0+ 0) 7 
an , . + 700". , (500 + 200) : 
er : . E ou s Ne a _ a 843 | , 
a : _ Precisely he same s pepeeae: ‘is ee in. adding pee’ or more e* numbers. 
One egain Me ; propertiog of addition are superba: Thus: > a 
, oe 563 + 787 + (1384 can’ ne thought of as: foljows: . Yo . % Ce ee 
SMS 6B eS 500 a Boe ZE - (5 x 100) + (6% 20) Fa ES 
ae 787 = = 700 + BOF T= se (7 x.100) + (8 x 10) #7 1): 


11384 '= 1000 + 300 + 80 + Ws = (2. x 1000) + (3 x 100) + (8 x 10) + (4x 2). . 


fae 1000) + (15 x 100) + (28,X,10) ¥ah xo 
and the, oum 563 + 7874 49H ye ' oe 
° _+ 8 (1 x 1000) + (15 x 300) + (22 x10) + (28 x2) re 
= (1 x 1000) + [(1 x 1000) + (5 x 10Q)] + [(2 %100) +> . : 
= 2 _ "> (2% 10)) + [(1 x To) + (4 x.2)). 
“3 = [Ga > x 1000) + + (1X 1000) ] +.[(5 & 100) + (2X 200)1 ae r 
oe > % ; [2 x 20) + (1 x 10)} + (4 x2). ; sags 
= (2 1000)" (7 x 100) + (3x 10) CR XR), — oS ee 
: "= B00Q 4+ 700+ 304% — _* | “> 
34 : . . : , a By . . 
eas : ~. : R a yo. ‘ key - 
ee ie: usually abbreviated a great: ‘deal. But: At ds important: ‘that the =~ nono 
4 underlying, pattern be understood and the abbreviations ee ee Thus: 
e * : ¥ 
es : * Se: 
- 
*. 262 . ; 
| 29 


— - : ks ’ . 


a 500+ 60+ 3 * - - .* 568 
oe er ; "700 + 80+ 7° can he written with 78? . 
, ~ - :: partial sums 38h 
: - 1000 + 300 + 80 + 4 . 14” sum of ones . 
“ \rmnennnnntenmene Indicated ast -. 220 ‘gum*of tens 
s _} . ai . 7 v 
: : L000 + 1500 + 2204+1h ae * . -- 1500 ‘sum of hundreds 
a oes ue : . ¢ 1000 sum of thousands 
io Ls rrr : + BBR : 
Sk ys eas fe Bete SS 
eee and the operation may be still further abbreviated to: 
. " O80. ae a. = 
oes “3 563 
a ; 787 Finally, by. omitting 87" vs 5 
ao 1384 even the "carry over" "13864 ae oe 
, . 7) numerals .we get: ‘ 2734 a : 
=- . . : a. -*. 3 . * 
as 1s , ee : — -_ + ; x fg 
Problems - oe af : ; . : ee 


1. Find the ‘sum, 38 +°73 + 22 0 an algorithm that shows eieaey 
_ how the sum is obtained a ‘the. addition facts for ‘0 ee 
2 only. 2 _* * — 7 
y 

3, Show the individual steps. required: in applying - the associative “Ss ms 


z . and commutative laws ‘to show that 


. : instance aevabvaek: . >: 
ge. ae So ne 2 ae 


. . . 
rs : - oS, 5 


Just as. we worked the ‘same problem by various iechoda to et an 
» insight. into “the addition process, we. shall now study the subtraction 
process by ae varfous techniques. Let us use @ wmpie exemple 
+60 illustrate the procedures. _ ye 3 “ é ose 


Using: an equation form for einding | the value of the unknown ‘addend * 
nN in a + 23 = 58 and comparing this with the usual algorithn identifies . 
a a property = subtraction that is used extensively in computational: work, . . 
We write: © 7a . 
a 58 - 23'= (50 +8) = (2043). 


A property of of subtraction 


——.- ~ The. property of ‘subtgaction that deserves our apecial attention is that 
"which will enable us to exprets (50 + 8) - (20 +3)° ina useful fora, 


~ . . . 4S ~~ 


> 


. 


*solutions for problems in’ thie chapter are.on page 271 . 2 7 


a > 


gt. 
ERIC 


7 which may be expressed ‘as either of the ‘folloviie® : 


7 bi F ‘ se 2 . = 
» & 2a ‘ : ‘ x . 


Te el et for subtracting is by the vertical alignment, 
oe 58 7 . | 
, 234 : 


» 


: = tens +8 ones 


2° tens + 3 ones 
3 tens +5 ones = : - ~ 


“In ‘the algorithm (bd) > above, ‘notice that: 3 wis subtracted from 8 _ 
20. ig' subtracted from. 50° to arrive at the bens and ones in the 
' aifference. Tn. equation forn, this entire process. is written: 


258 + 23 = (50 + 8) = (20 + 3) =(50 = 20). + (8 = 3) 
" 2.4 = = 30 +p 2 3 
We may state the property, which ellove {50 + 8) ~ (20 + 3)°. 
’ to. be reexpressed as (50. - > 20) ° + (8 - 3) , more generally in the 
_ eefollowing way? . ‘ . : 


v 


If a+b is the name of one number and * ote 
‘¢ +a. is the name of 3 “second number, 
: ‘and if ade and ba, then 
os (ate) = (et abe(arc) + (bea) 


We shall Bee repeated use of this property, vont with grains, , 


_ ghiroughout, the. rest of this chapter, 
® 


Next, ‘gt us interpret subtraction, ‘such as ‘17 “from 4g: 3 in 

of a’, oy removal, Froma set, A nm of 49 objects remove a sub~ 

’ set, B ‘17 objects, ce a. remainder Bet, A~B, whose 
nuriber’. “ to be specified. . - : . 

We see axe for A a collection of ag x's errenged as-follows: 

SN RRA ERANN 


SERRE RE AES : = 
. . fo _ ; 


/ 
bons 
: e Oo 
Ve dey 


om 


» 


’ Now we need +0 pick a subset B of A which’ Saucaind: 17 ‘members. 
Then the ‘Guber of members. of the venainder set A~ 8. will be 4g - ue . 


x 


ye . ° . There | are many ways to. ae Saale B ° bie oF them is this: . 


“But, — we choose ‘B this way, the remainder ‘set. A~B is: nob easy | 
Some of the original eyeneee of ten have been broken Up, and 


we 
» 


gnly pieces of them are in A~B. ; : : > 


“to count. : 


‘It is moh better if. we choose, B s0.as to either include all of 


a bundle. of ten or pone of it. Here is one way: 


BESEEECS EEE ee . 


cererEreE = ews 
Now it is easy to count the remaindtr set A~B. 
ih two steps. Lookitg at the right hand side wie we see that the - 
, number of ones in the remainder get is 9+7=2. ‘Looking at the left 
~ hand side above, we see that the number of bundles of ten in the ie 
. Set is | HeL=s3., Therefore the number of members in the remainder set 
4s 326 a os 


te can be done 


‘An important thing to notice is that since ve dealt only with com- 
; - plete bundles of Sen, we could count these using only "email." Tum age 


OO _ Now, let us e 32-17 on? 


ine in the same way another eachilede 
We can pick A to be a set of 32° x's tO 


| We need to, pick a subset-B with 17 members, that is, one bundle of 


‘ten-and seven ones. But, A has only two ones, so we will,have to use 
R : * i & ; 


XXX XX X X$x x ”  e 


ome 


oe 2° . #. ae 


ae 


. = 


_ some .of the meubers of. A in the bundles of ten, As We saw above, it 
“4s begt if we use only whote bundles. Therefore, we will take one of, 


the bundles of ten in A, change it to ‘10 “ones, and’ put it with the 


2 ones. Now A ldéoks vike si : 


XXX XX XX XXX = ae , ae : 
A . xxXXXXXXXxXxX 
xxx XX XXX >] = ako eats 


Now it is easy to see — we can pick a convenient subset B‘ which 


~has i7 members. Here is one: 7 ee 


WIx HX XX XXXX Xf . ; 
gi ESExESESZIE $n 
~ to. 8 


; s ’ 
N zy : ud 
“It is easy to count the reminder’ an A~B. The nunber of 
‘ones. is “2 ~T7= 5. and ‘the * nunber of tens is 2 ~l=h. Therefore 
» 32 ~17215, and n=15. . *. ne — 
, Pod 


Rather than obj ect representation we may usb neha such as 
these to subtract a7 from 3B , . 


(a) 3 tens +2 ones =2 tens+12 ones, 


1 ten + 3% ones 1 ten + 7 ones . 
% a a a : : ‘ a 


= ten +)5 ones = 15 


tt 


. 


(vo) 30:42 = 20412, 
10 +7 =10+ 7 


a . low 5215 
or we may use an equation form, as , + 0 ' 
32-17 = (3042) - (1047) a 
, = (20 +12) - (10 + 7) . : 
. = (20-10)+(12-7) © 
= 1045 : 
. = 15 , Se Mat deen, 385 - La 


wees 


Notice that the renaming of (30+ 2) as (20 +12) involves an 


sppticehicn of the associative property of addition, in that 


(30 + a). - (20 + 10) + 2) = (20 +[10 “i = (20 +12), 


aw 
AY < . , a&. 
x Sho . ~ e® 


. 
¥, 


ae -_ We may gubtract® larger, ninbers, of course, imply by extending the 
“principles and procedures used with smaller numbers. Consider, for ON 
instance, subtracting 276 from 523 - : 2 — 

“Since we cannot subtract 6 ones "From 3 ones nor ? tens from 

2 tens, ae is roe, In ai we ay write: : 


a hundreds. + 2° tens + "3: ones = 5 —— + Ae ten.+1 ten) + 3 ones. 
_ >, . a . ee = 5 hundreds + (2 ten + 10 ones). + 3 ones. 
=5 hundreds +1 ten +13 ones. 


Fg et SO 7 = (4 hundreds + 1 hundred) +1 ten + 13 ones, 


“2 (4 hundreds + 10 tens) + I ten + 43 ones. 
: ah hundreds +10” tens + ‘13 ones. 


2? 


te — Ordinarily this ‘procedure. is ) simply ‘Lnai cated by . “ 


a 


5. ‘bundreds + 2 tens + 3 ones. = h hundreds 1 tens + 13 ones. 


We may ‘now complete the problem 523 ~ 276 by writing: - 


e 


5 hundreds + 2 tens + 3 ones = 4 eee +11 tens + 3 ‘ones 
2 hundreds + 7 tens +6 ones = 2 hundreds + 7 tens +’ 6 ones 


U 


« 


— or we may write . . s | : 
: 500 +.20 + 3 = 400 + 110 + 13 —— “ 
200 + 70 + 6 = 200 + 70.+ 6 -- , | 
an . =~ ‘ ‘ 200" + ho ++ 7 = 2h7 ; ; . . 
_ , or we may use an equation fgra, such as = ~ * | 


583 ~ 276 = (500 + 20 + 3) = (200 +70 + 6) 
: ren = (400 + 110 +13) - (200 + 70 + 6) 


e * = (400 ~ 200) + (220. - 70) + (13 = 6)» — =e 
_ 9 we "2 200 +4047 a a 
oe ees = OT. se” ‘ : oy 


We eventually may shorten such algorithms to the form 


* ~~ 


te Meee Saas “ae te Dee ee 8 


523 or simply 523 


: 276 © re - - @ 
(he se aT. ar ¢ 7 
; > & . ie : 
° aN 5 
= 267 
. &S 
<) oe . : or : 
ERIC = 12; 


‘ _ ) - 2 hundreds + 4 tens + 7 ones =.2h7 - 


” 


; 


ene 


sgt 


wi 


SS 


. Summary . a a ° a ‘ Ls < a » - : o = = 


Applications to to Teach ing 


that they have an adequate ‘understanding ‘of our numeration system with, 


ofijects: $3: 


Problems. : s * : e : . a. 


3. a. Tn the property (a+b) -({c+da)=(a 7°) + (b - da) P 
a why .are ‘the conditions . a>c and b>ada needed? : , ¥ 


b. Give an illustration, of. the, alffieanty ‘encountered if the 
conditions are not met. a ; 


hea. | Represent with am appropriate. set, A , and subset, B, the i 
7 subtrattion of 43 and. 27. _ | Se e's eo 
"be Show the same subtraction in equation form.” 


a eo wo . = 3 
Techniques of Badi tion and subtraction may ‘be explained in terms + 


of our decimal numeration system,” coupled with. regrouping and applications ii 
‘of the ‘commutative and associative Properties or addition, ‘Subtraction 


techniques utilize @ special property of. subtraction; namely;: 


If a,b,c, and a are whéle numbers such. that 
a>q and. v 24-5 thay it is true that : : 


(a fb) +(e +a) = Cer esc ee  e me + 


‘Thig speciai property may be explained in terms of the definition of | 


subtraction in relation to addition, coup éa-with thd commutative and. 
associative properties of addition. wf _— ; oe _—s 


$Y 


If young children are,to compute with understanding, ip is essential * 


its base of ten and its principle’ of place value. They also need to 
have ample SppeE unl ty yo manipulate sets of odecte as the basis for 


‘ developing appropriate algorithms. 


Algorithms such as thesé grow readily from Teer of sets of ° 


ary a. are 7 , ; : * 


Ly de 36 et a 
~~ - te : : Pek 6 4 TO ; 
: (a) "h tens + a ones Y(by kOe ° {e). he eS 
. 3 tens +6 ones . 30+6 ce + 36 
7 tens + 8 ones = 77. 70+8=+78 “| . # 8 
os . os . - ; 70 | * : 
> 2 * ; ‘ ee : 2 2 ae ‘ oo @ 78 , 
e, Ootae” 2 & eS 
+ aes (a): 6 tens +. 9 ones ‘ (v) ” 60 + 9 ae a 
: 2 tens My, ones > BOF hk. -_ : 
- ¢ ‘h tens + 5ones = h5 | ae +5 AS . - _ 
Yamese same ‘algorithms serve young eiiacen well "when regrouping and re. ema ® 
neming are involved: Py. a og - ee _ — 7 eS 
a 3 58 +17 = ; or se = 9 ‘2 = “* 
(a) 5 tens + 8 ones 1 (vo) 50 + 8 fe) 58. 
‘ - Lten + 7 ones” 10+ 7. . aE ” 
~ 6 tens +15 ones, or ~ 60+15, or es) 
7 tens + 5 ones = 75 |. , 8 S01 : 60 
— | a re 
hy .8b- 3552 0° | ° . 
oa oe: tee (a) 8 tens + l*one = 7. tens + 11. ones (b) “BOT = 7041. 
mes . 3 tens + 5 ones ~S tens + 5 .ones - 30 + 5 = 30 ‘+ ‘3 
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Bach child is not expected to be equally at ease with all algorithms. 
“He should be encouraged to work with the Sorm with which he is most com- 
‘fortable. Eventually he will shorten that. algorithm to a more efficient | 
fe forn, but he, should not be hurried into doing this, . Computing with 
understanding takes précedence over "computing with a lis efficient 
form in the earlier stages of pre : 


° 


. age a ; os 
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ae ee 4 
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269 : 
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e. *% _ . Bxercises - Chapter Oo 


For each of these examples, compute asheg the three addition 


_ algorithms just illustrated in the preceding section. 


486 + 766 = 
TT + 926 =? 


a. 6+ 139= 2  . ok 
be Tt + 96h =P oe ae 


For éach of these examples, ‘compute using ‘the two gibtratticn 


. sigorisnne tilustrated: in the preceding - section,’ . 


a. 76h 199 = oy Re TRO = 2B7 = 2 . 
be hoe = =.138 = @ 800 - 396 =? 
. Compute TT + 906 wsing an equation form, . : 
“Compute 800 - 396. ‘using an es Somme - + 
‘a . oO, 
v ™ i‘ . s 


. v 
fy 
% ‘) 
. . 
2 
- 
° 
‘ 
ny aw” 
- . = 
x 
: A : 
> ; Le s 
‘ J 
° 
. 
AY - 
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> 
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’ Solutions for Problems 
RY . 


‘oie, 38.473 Fee = 98 4 (73 + 22) 


oY 


= 38 * [(7 tens + 3 ones) + (2 tens” +2 ones) ] 


oo | 7 co = 38 + [(7, tens + 2 tens) +-(3 ones + @ oBes)) 


7 = 38 + (9 tens +5 onés) 
ie * 38 + ae : 
(3 tens +8 ones) + 09 tens + 
(3 tens +9 tens) + (8 ones ; 
12 tens + 13. ones 
ots = {2 hundred + 2 tens) + (1 ten. 


fo ft 0 


a 
it 


- 
f.- 


s 


3 ones) 
+5 ones) 


+3 ones)" 


c = 1 hundred + (2 tens +1 ten) + 3 ones 


o. 


1 hundred + 3 tens + 3 ones 
ye te ABBE 3 —s 
Bs (3047) + (50+ 8) « Ugo + 7) +50) +8, 
sy = = (30.+ [7+ 50]) +8 
oe ee = (30+ [507+7]) #8. 

. © = (130 + 50) +7) +8 


> 
yo. 


ay 


associative property », 


associative property 
. commutative. property 


associative property — 


hy 


= (30 + 50) + (7+ 8) _caberigtive property on " | 
a. 3. a. In order for a-c. and b-~-4 to have meaning, it is. ; “as 7 
necessary. that a >c and b>a. These conditions also 
assure that: atbpera ‘which makes (a +b) “ (e+ a) 
| meaningful. oe P a4 a . a 
4 De For example, let a=e7,b25,c¢=8, 422, 560 thet . . 
a>e is not true. “Ten “tc +b).~ (c+ a) = (7.45) - (8+ 2) 
12-10=2, and (a-c)+(b- 4) = (7 - 8) + (5 ~ 2) 
~ . (7 “ 8) +3=7? 7-8: is not a whole ‘number, so the 

J) property is undefined, If neither condition had been true, 

_— tard) - (c+ a) would not have been defined, | a 


ft 
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a kxxxxxx x xk xf : , i 3 gees 


, _ JR XRRXRRRKXXX : a 4a ‘ - 
? . Aan % 


: e * = = . x 2 - . > e . 
or, regrouped, - ee . oy 


XMXNRNXXN NX 7 a 2 2.4 ° - os 
x - 


be WB B= (4043) (2047) 
= (30 #13) - (20 + 7) hi 
= (30-20) 4+ (3-77 7! 
-e10%6 © 8 > 
. -  & te 16 
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. INTRODUCING RATIONAL NUMBERS a ~ 
5 - . Introduction ; 5 | oan . . ‘ : . a : a : ey ® 
. : : an a our - work. with. numbers EP. to this point has been with the set of . 


a? 


a whole numbers 5 we have pretehdea that theygare the only le gala that exist 
. and we have seen how they and their operations behave. Our nuwber lines 
‘» have béen marked: only at the points which correspond to whole numbers iy and 
' leaving gaps containing many points. that ‘are not named. Using only: whole ; 
numbers . it is clear ‘that many division problems cannot be worked (for 


example 3+ 4-); that is, the set of whole humbers is not ajosea under 
7 the ee of division. — 


~~.” 


> 
NY 


Now’ the’ Gicbica of naming points between those named by whole num - 
bers ‘on the punber ‘ithe and the problem of ( alnost) getting closure under 
‘division of whole numbers ( we cannot divide by zero) are two problems 
than the whole nunibers. “In the historical development of nunbers the : 
‘preblem* ogrmeasurement (which will be considered in Chapter 12) was a 
probably a significant | motivation | in forcing the extension \of RUM oF: f a 
_ systems to yore sie cheat rege than merely counting and nu ering. | y 


a 


~ 7 ~ ~ * 
J 


. é 3 


i - “Regions as Hodels for Rational Numbers . 


-In our“extension of the number oor to include what we. wu cell 

rational numbers Cout which are frequently called fractions") we will eo , 7 

— proceed much as we did with the whole numbers. That*is, we wil} start 0 BP 

\with physical models for such numbers and from these aes some concepts =< rhe : ; 
- about them, © , Ts : ; : >. . 


In setting up physigal models fox. rational nuubers we usually begin , ; 
by designating some ae rea for example, a.ségment, a rectangular > \ 
“region, a efreular region, or ‘a collection of things. “This” watt” da-then 9 0 es 
: ‘partitioned into a certain number of congruent parts, These parts, .. . _ | 
—— bs the unit, give us the sb for 4 a mae for. rational numberts , 


2 


™ 


: ares of the shaded part of the equare. 


Ss name ‘for this nuwber, a numeral which 
~will remind ‘Us of the two equal parts ; ae 


or example, Tet us Haentity am ~ * #4 Poy ee 


our base ‘unit @ square region and. > a 


.. ot 


; suppose this is divided into two 


congruent: parts as. shown in Figure {a)." 
We want to associate. a number with the 


Not only ho we want a number, we want 


_ we have, of Which one ‘is shaded.” The . 


amumeral is the obvious: one, 3 >vread 
“None -half". If our uit. is: partitioned into, three congruent parts Pe 


. af two of them are shaded, as in Figure, (bd), the’ numeral. — reminds us. 


that we are associating a number with two, of three congruent parts: of -a” 


> Cunit. observe: that our numeral still ‘uses notions expressible by whole 
numbers ; that ou a basic unit is partitioned nto three. ac rdaiah parts 


s 
iw 


with two of these considered. —_ * 


= In the ‘Pigures ‘below, a@-rectangular region serves asthe unit, 
: * * 7 2 . . AM 


The numeral : éxpresses the situation Ai ctuxed in Figure | (c), namely - 


, the unit region partitioned into four congruent regions, 3 of which three 
‘are shaded. And, of- course, the numeral 3 expresses the situation 


represented by Figure (a), the base unit partitioned into’ six congruent 
regions, of which five. megtone: ‘are shaded. a 8 


"Nore ‘complitated: “situations are: fBresentea in the next drawings.”~ 


. in, each case the base unit is the rectangular region heavily outlined by 


solid Lines. ‘In some gor these, the shaded region designates a region | 


ane same as or wore than the. base region, hence numbers ‘equal to or 


mse of : 
; 134 
s : 


ay 


a 


« 
« 


than one. Thus Figure (8) s shows. the base unit “partitioned into five - ~ 
to parts, all of which are shaded. . The numeral: 3 ‘describes this model. , 


ee : ' ; : . : ts gs 
-) F] ‘. , . . 
_ (e) Physical model for 2 , (i) i3 , 
. ‘ y ‘ . . Q . 7 x ee 
,™ _ = 
Unit os : ; 7 . ‘ ; ‘ : | : . | “ . oo. a. . ‘ ~ 
(f) Physical model fors 2 a 
; . \ . 
: . _— 
7 ; x 
a 8 
*, . (x) : 3 * « 7 . b 
5 7 t . 1 
. 4 . « : . 
: a, oe cae g a : : ? . 
. . 0 . 7 : a . : . . ; 
(h) t ; he 
a & R aren te i ? . * a 
Tn Figure (f), the mit peatqn is partitioned a four congruent regions, 
; and ‘five such regions are shageds~the numeral: z describes this model. a. ES 
_ *Bxamine the other situations, illustrated and verify that in each-case - - 
. the shea sae ‘shaded is indeed a wodel forthe rational nuuber named under " 
a aes oe . : $ 
~ i 2 - 
- Roe. 
- : , 275 _ 
. - x ~~ e. » . L a = ; i 
ERIC 439 
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di jo ~ 
_ a] .. . : e a “ _ : yo 
Me ‘Models using regions of various shapes 
. x . * . : 8 V 
| . as e : : . . > 
3 . >. sa : : . 


Regions of other shapes: can also be used as models for. rational, 
seo | mumbers.. . Some such regions, ‘with associated numerals, are pictured 
<= abowg, In pach ease, you can verify that- -the model involves {dentifica- 
a tion of 28. unit region, partitioning of this region into congruent regions, 


. ; and consideration, of a iad number of these coterseos regions. , se, ; 
2? ; 
For the sake of simplicity, we ,jhave used as ‘models only. plan 
regions, Frequently, we use 50119 regions, also, aB models for rational. 
: ~. numbers. The se a ata vee. ‘to such models is but an eavenatce of 
: \ that used with plane regions. ; ; at ; wa 
: ooo. Draw models for: . 
’ a : 2 a * ® a ie . ; : . ; ; ™y 
" 3 * e 5 : N 
PRON ena Tene CNTY ta pita aetboes aoa = _@e. x . z & ~ = es 
2 & 
a 7s 6) . 
: es 3 , . Tt. rs : 7 x 
*SoLutions for the problems in this chapter are on page 297%: . 
i 
. =) 
ae . ee 2s od a 
= (<) ; % 
ERIC i : 


of 


- ee, - : ‘ 
Bae i . 
hy are the foLtowing pictures not good woaelé for rational numbers? . 
>» 9 
; ae ae . * : 
so : o, t . 7 . : : a F S eee r Noy ry 
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 wkat® “ numbers ao. the shaded portions of the - following models . ” helg . i 
” illustrate?” - wa . ‘ os t FOS. we @ « . - 
oe . ; “es 
‘ ” ~ 
oo ‘Humber Eine Models for’ Rational Numbers = se ° Sa 3 oe 
ane another standard shyalce: model ‘for the ‘idea of a “vabional number “s 
er pees the number line. The _Waye we locate new "points on ‘the nymber line - em Kee 
hee: parallels the procedure we “followed with regions. — After we vmark off"a! 7 ° 
- unit segment and partition 3 it into congruent - segments , we then count - 
"+ these parts. Thus, ‘in grader to locate the point corresponding td 7 a ee OW 
> We, mark off the unit segment into 2 congryent pares and count off “1 . oo 
hi _ de them. - This point corresponds to z ex & ; . ” % _% 
ce ? e - 
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tn Like “panner, bo oe 2 » we partition. a unit interval ‘into 


4 congruent parts and count off 5 of these parts. We have now located, 


. the Point which we associate with, az . 
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Sets. of coaecte arranged in arrays. may serve as models for rational 
tubers ; 8s in the Lilustrations ‘below. 
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is shaded. With this rfodel we may associate the rational. nuniber 5 ‘ a a 


tn “‘Rigure (ce), four Sef the four rows of the unit abet are shaded, end. 

with ‘this model we may associate the rational number te There are ‘two 

unit arrays in Figure (a) with two-rows in each array. Three of the LOWS 

- are shaded, and with this. model we may associate the rational manent: 3. 

; Notice that in each instance ‘the rational number associated with a 
_____particullar_model ‘is independent . of the number of elements in each row. . ee 
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The numbers for which our regions, Segments and arrays are models’ : 
are called rational, numbers, The particular numeral form in which these “ 


nunbers often are expressed is canes: a fraction. . Many different fractions 
designate the same-.rational number. We have here again the distinction 
between a number and . names (numerals) for that number’ 


In this chapter’ we are concerned ‘sith those rational numbers, that * Paar . 
can be named by & fraction of the form : where -8 _Teprevents a whole 
number’ ang b represents a “counting number (i.e, ; ‘ whole nuuber other — 


than zero). Tn effect, this definition restricts us to a consideration 


"pf the nonnegative rational numbers. The complete set af. rationab \ Seda Hee 
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48 the ‘numbex of congruent parts: or ee subsets into which As. | ; ; oe 
unit has been partitioned, > while - “a ; the numerator, is the rithber of. . 
‘these congruent parte or equivalent subsets that are being used. One 

__Of several reasons ‘why the denominator is never. zero is that it would be -  * 

a “nonsense to. speak, of-a-unit as being divided into Zero parts; = surely 

cannot be divided “into fewer than one 1 part. ‘ co ie eS = cetused 
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cts _ for locating in torn pointe ocirrasponding to the rational numbers with . 
denominator 1, with denominator 2, with denominator “hand with 
— Bs When we 49 uits we see, among other things, ‘that 3» 

- .; and =e all correspond to ihe same point on the number line, or, in 


oe other words, are all names (gunerets) for-the same rational, number. We. 
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. Bee also that : > i> >T> and 50 on, name the points we have formerly, 


named”with whole, numbers. Furthermore we see “that Sastions sugh as $ ‘ 
tod F » and the like also name points that have fornerly been named 
by whole numbers, Fractions which name the same oink on the number line, 
and which therefore name. the same rational number, are called equivalent a , 
* fractions. “Notice that corresponding to each whole number there is a 
set of equivalent fractions, ~ Consequently, there is a one-to-one 
“9 correspondence between the set of whole numbers dnd & particular subset 
‘of the set of rational numbers. Furthermore, it can be shown that a a 
one-to-one correspondence may be establishei between the set of whole 
a numbers and the entird set of rationals. : ey 
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Recognizing the Sane rational number under a variety of disguises 7 
_ (Cogmes )- ‘and being ‘able to ‘change the names ‘of numbers without changing 1 
fae . bhe numbers are great conveniences in operating efficiently wave rational 
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“mame the seme nuuber, . First we sefect & wait region and partition it 
into three congruent regions by vertical | * a! 
Lines as shown in Figure (g : | wits 
(b) shows the shading of t 


» Figure . 
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regions to represent “Ir we re- 
turn now to our unit region and 
é partition, each of the former three 
congruent parts by hori zontal lines 
.. ainto four congruent parts, we have 
the unit partitioned into 3. x hele 


congruent, parts, as shown in Figure oo 


(c) If the unit partitioned in this Model’ showing 3. 2 2 h . & ; 

way Ls‘ now superimposed on the, node 7 oe ee : 4 
mS for § » we get aa model shown in" ie ; 
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- for = is partitioned into four regions, giving 2x = 8° smaller cone. 
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é _ “The nunber lines in Figures (e) 
. and (£) demonstrate this — equiva-- 
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, +. represents the nuuber of parts a uhit has. been portioned into and — 
7 ‘8 the nuuber of these parts marked in the model. If each of the’ a.) 
parts is ear partitioned into k congruent parts, the unit then con 
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' Our knowledge of mul tipl es of numbers can be a to ae advantage , 


when’ each of two. seRebione such as 2 and 2 Is to oe ‘changed ‘tO. 
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the new fractions. The least common denominator would be *12 5 oF 
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+ mpressing-a fraction ‘in. “Lower teras” (often, called *reducing” . 
: fractions) is simply reversing, or undoing, the process used to express: + 
” : 2 9 x10 _ 20 , 

ti fractions, in pigher =e For example, 5. 7x9 ] 10,” 36 ‘and, sa 4 
we mo 20 20+ 10, 2 w.1022 5 ,* 0° 9. | 
‘undoing ‘¢his process, 35 = 397s 10 104.2 3° - gimilerly, y er rr te ’ 

z ea. * . 8 
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In this case we say that the ‘fraction | has nee changed to “loyer terms” 


Tt should be noted that while it: is always pogsible to change a fraction , 
to an equivalent one in "higher terms” with denominator any desired 


multiple of the original denowinstor, it is not always possible to re~ 
_ name me ("reduce") a fraction using a specified divisor (factor’) » Since : 


counting number by a ‘counting number. For 


1 using 2. asa divisor, but not by using . 3 ¥ 
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fraction which cannot be changed to any "7 ower terms", such as 


> ete, > is in simplest form or Lowest terms. = 


” Putting fractions in lowest terms or. simplest form is a, aicombatent 
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- ekcill » but its importance has been overrated. The superstition that e 


fractions must giways, ‘ultimately, be written in this form has no nother 


_ matical. basis By for only different names. for the same. number are at issue. 
' Ib is often convenient: for purposes of further computation or to make - 
‘- explicit a particular interpretation to Leave results in other than 


simplest forn. ‘However, where simplest form is desired we can proceed 


; by repeated division in both numerator and denominator, or we can use the 
greatest common common factor of ‘both numerator and denominator as the, k by 
* “which both should be aivigea. The greatest common factor of ‘two numbers 


is the greatest whole number which is a factor of both numbers and this - 


7 is precisely what ‘is required. The examples displayed below should be 


sufficient to ‘illustrate both procedures “for oe a ee in 
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How | ‘may we compare the retiondttimmbers in each exemple to determine 

whether the first nuvber of. each pair is “eqitial ae or greater than, or 
thet might be taken, we shall “Allustrate the one: in which each pair’ of 
fractions is expressed in terms of equivalent fractions. whose denomine- : aise 
tors are the same, In particular, the common denominator, Will be the 
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It: is extremely dangerous -to generalize on the basis. of isolated 


ms examples! However, the ‘precedink examples do illustrate’ an important ~ 
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Bach of us is familier with the ‘fact that a. rational number ‘whose | ; 


‘name is 3, for ‘example,. . also may ~ named in the mixed Zora, re “2 


(We wpeten to speak of the mixed form for a » rational nuuber rather than 
to speak of 8 "ynixed ‘nunber", ) Let’ us use the nuuber line td examine 
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briefly some of the aspunptions underlying our usel of the feniiter mixed 


- form for ‘naming certain rational numbers. 


wins wir 
Whos 
€ 

the 
WON 


wit ‘ wit 


. 


, > < Od%sider, for SEGRHES the use of 3 and 1g to name the same 


5 2. 


rational number. We often ayte that <= eG _ Behind this statement - 


3 
there is the assumption, among others ? that vetional nun prs. can be. 
2 2_42 : 


S 
fen 
8 
(ohn 
i ot, 
tole 
1 + 
f 
f 
rae 
+ 
: 
ac 


ote p eee em A aS ee et ote tee SA ea eee a A Sat ae Shee eee ~ s 


~ 


the ability to ada retional numbers is one of “the things vhderlying. ‘our 


g a 


wow 
fe 


a . as 


we B89. | a 


: q ca gues . ss : 
“ . ™ @ ; ~ . 


, Pe oe et ‘a 
ve consider the stavemen’ “that. = = a , Here again we see that | 


Ph 


: It is beyond: the spope of this chapter to give any systematic 
consideration to the addition of rational numbers. However, we did wish 
to point out that this operation is implicit in an interpretation of the 
mixed form for a rational number. , 7 
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‘Thus far rational miners have been interpreted in terms of several 
models: unit regions partitioned into congruent regions, unit sets or 
. ° arrays partitioned into equivalent subsets, and ‘unit segments partitioned 
fe 8, "into congruent segments. We shall ~~ look ~more, closely at the sa v=. / 
o- Aoretation of. rational miitbers on the “punber line. : * 
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= equality ‘oF the Aretrana Sast nuigépals are of , parttoule,: fee 
“= “interest: . : - = we : Jae - sae fy tt 7 - — o a “ee ar 
Coe w eee ge Pe HR, ee, go oe A ee ee 
- Wx ga. eae” as ie 3 
 # Lo ts ey Me RNS a oe : ” oy ‘ 
ee’ demonstrates. that there ae a abe ae) oath gatioties he. -quition. ted 
: : : ah ~ “Ss . . 4 x n = 3 ? . . 7 : :: ~ Tk a . . . 2 ‘ 
hnely, on =¥ . ecceixies Lat wr iaag « equation’ is the ‘quotient n= 3. ah, . = xe 
1 “ - 
BY This ‘hea no meaning in the: set of whole ‘numbers 5 but we see now ‘hat the ihe 
. Bet onpationst numbers Provigo ‘the ee Bras equal to. 34h. an 
aka * nace. the use of. the number. line in illustrating, eeueied, say: of” SO 4a 
“6 * B ook 6 unit segment is partitioned into. 3 congruent sub- | - : 
~ segments, Bach , bubsegment is congruent ‘to the segment’ from: oO to 2, 2 
i. “and thue, 6e3%2. A similar partitioning of. a 3 ‘unit segment * — se os 
can v . ‘ > 
> into. 4 congruent subsegments _ can be’ associated with ” 3 + h, “As , , ( Pt” dua 
: ‘Figure (b) above shows ’ soon goa. is. congruent to the segment : . 
Pe “from 0” to: . 34 thus jistitying further that 3.44 = 2. ee 
aes 25 ee ee . t . . = ’ 
Yo. This ‘is but one’ "iustration of: an tuportant relation between aoe . 
sa vational nugbers and division. ‘In general, it is true that 7 ore 
a . 4 3 al - oo . “ 8 
» i . act d =5 * =. y » * 
Ne . 7 ee . . . . _F. . , meer - ; Ss a 
4 | where & 1s any whole number, ee - any coe taie mmber, and their x. 7 ee 
a an oe “8% oe 
quotient: ‘ig the rational am 7 : nus : ‘for every whole number woo? 
“ana for, every, counting” “number b there is a rational number = such 
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- A tien Property of of Nuubers r of » = — ~ oe a 
Rational numbers are different in many weys from whole numbers; : 
One such difference is apparent if we recall that for any whole number 
: one can always say what. the “next” whole number is and. ‘then ask, in ae. * 
7 pa Bau Simtlar vein, what ‘the “next” "rational, 1 number is after. any given: rational 
“— . sumer. for: example, 4 is the next whole number after 3 5 1069 is the 
ee next waole number after "1068 , and 50 on. What. is the next rational 


Peemeconenneacs sung 


a : . maer after é ? “If : is. Suseested: as the next one, we ‘can observe | 
ie: 
SO . fe . y : 1 ‘ 6 . ry 2 . & x 7 “e l 4 2 » 
that 3.7.73" and 3 75> 80 TB is a betwéen 3 sin 3° 
_ Hence, Z ehas a better claim to being next to 4, than does : otf 
‘ab is then suegected that ai be ‘regarded as — number af aft ter z 7 
: a we. can agree that 3 <2 and aa 5 50 B is closer to s than 


as 3 o. “fo carry this ‘one step ae we can pquelch anyone who 


i . av — the? next number after z by pointing out that 


; 2. ay Ss. 13° n n i 
a 3 we and 3h = ae 50 that > is more nearly next to" 5 than . 
> is #8. zt, is clear that Si process: could be carried on indefinitely 
a r and, furthernores , would eply no matter ‘what rational number was in- 
.a volved. qhat “is, we can never identify ¢ next” yational number after e 
.* ss. _any given rational number, . A similar argument would show that, 1 we can 


“not Laentify a,nunber es before" a given rational riumber 


Yo 


am number line with” a very large unit is. shown to illustrate the 


tx% " ~wrocess we went sero: in searching for the monber "next bo" 4 ‘ 
< .e, a 
4 ry Sy 3 + % . ° aS 
i 8 oi foe - 324, 3 by a 
. . es nn i IELIIEE SntInnSSISIIDI SaEARG SEED Sieicedtll ? 
. , 0 : “ ; ° $ 25 Zz ‘ ! , 
a eee oS ‘ @ i2 a 
* + : ow \ : ro _ 
“ 8 is Another way of expressing what we have been talking about is to say 


- 4 that between any two rational numbers, there is always a third rational . 


“number; in fact, therevare more rational nuwbers than we could count. 


. Mathematicians Bometines describe this by saying ‘that the set of rationar "~ —~ 
» numbers is dense, The word is not important to us, but is. descriptive 
~ y or) a 
< . of the ‘packing of points representing rational’ numbers ‘closer and closer 
< : 3% 
~ a : * 292 ~ 
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_ together on the nunber line. _ Although we can visualize that the pointe 
representing the rafional numbers are ansely packed,. there are many 


-~ points on the number line whose coordinates are not rational nuuber’s. 


ss ‘ aa 7 
Many points arg associated wit numbers such BS nm ‘ B aT > andsd 7 
“ons. We ‘ave not going to consider. such numbers in. this —_ ‘put we 
: “mention ‘them: 60. indicate that the’ nunber line is ‘not yet complete, . There 
is a point: associated with every rational number but there is not a. 


rational number for every” point. ae 


‘a 
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7 
ak . Neme the rational ‘numbers associated with the pointe Ay B, C, 
D and B, .below, where A is halfway between 1- and e, Bo 


‘e ‘halfway between 1 and A ,, etc. 
; er, | Y EC A 
0 . ‘ z ° | i) sce B a r , . 2 ; 


a . 4 
o 


15. . How many mumbers are there between 4 and the number associated 
_.* with point E ? . 


a) 
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+ a 
‘Bvery Tothegetive rational isa can be represented by many aif- 


+ 


ferent. fractions of the fora C » where a. designates a whole number 


and b designates a! cbantine number. All fractions for the same 

; rational. number are said to be equivalent, The problems of changing 
a fractionsto "higher terms” or to “lower terms" or to lowest terms 

_ are essentially problems of renaming. In this connection we use to, 
advantage the fact that ; 


a _axk (where k designates a counting number) ~- 
. bb XK 
and also the fact that | . ‘ 
, = 2 . 1 : (where k designates a factor of a and b ). 
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Equality and order among the nonnegative ational nunbers. can be ; 
established on the basis of these, conditions: : 


~ 


Zed. if and only if axad=bxe. ™ 
2 ~ Q we 
Jer ifendonly if axd>bxe. 
. & q ~ mn a ; % * 
nnn eS oe RS Fae wie ondy eax <b . ‘ Once. ; 


4 


_ ° We have seen “that a. rational number may be used to designate the | 
aiotient of any waolLewuishen, : a » and any counting number, be. 


: ww 
‘ a : > 
Snes _ 


‘ Finally, we have eoleted = the fact ‘that between any two rational 


- numbers, no ‘matter how close they are to each other, there are many 


other rational numbers. Among other things his means that, unlike the 


“whole numbers, oné cannot Maentify* the number that comes "just: before” 


or “Yjust after" a given rational number. 
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_ Applications & “Reaching a P 
We have emphasized the. use of several different models in developing : 


eas about Fational nutibers: 


ae unde regions ( plane — sclsa) ; partitioned into congrient 
. regions; 


2 a 


db. “uni't segments, partitioned into congruent segments; and 
Ge unit arrays ‘(or sets) % "gartitionea into equivalent ‘subsets. . 


Children ehcount@—ieach vf these models in ‘connection with thefr - 
everyday experiences » Buch as: ° 


Be displaying a. fractional part of a candy bar,, 
be . Gisplaying a fractional part of a plegemof string, 
ea displaying & fractional part of 8 bag of marbles, 


Tt is important that children have ample experience with each of the 


models identified if children are jovbe sble to apply rational numbers’ - 


correctly and effectively. Variety of representation is imperative in 


this comnection. - a 
: e ° * ~ Me, . 
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: : : Exercises - Chapter 12 
<a 7 . a ; 5 : ‘ = ‘ : . : - ; ¥ is 
‘ Using rectangular regions -agvyour unit regions, represent each of 7 : 
¥ “he following by partitioning the units and shading in'parts. . 
“s , 3 4. # i. v4 7 ; . * 
ha se L Se 5 7 a si - ery ., 
» a 2. oa 0 er . * Y 
io ‘ t » ?. \ ~3 
® oe h 9 . es 
| Ce. t ’ Se q ; . . Pe 
ad. f . h. va : . . = a | 
ae Using unit segments on number lines, , vankeoent each of the fractions 
‘ ae h of Exercise. Le _ : 
ee 8 7 ad 
3. “Using arrays or gauivalent | seta 5 PODESESES each: of the fractions 
a-h of ‘Exercise : on . 
- * _ : - . ; ’ 
h, . Nost of the following figures are , models for rational numbers. Some 
. of them are not models because the unit has not. been partitioned Sy 
: into congruent parts. For each one that is a proper monet giver: . . 
the rational number which is pictured. - : 
> oa 
é e 
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—. o . +  mumber lines 9 3° Bo. A | ; _ 
Ries . . se eet ith da SE, SO oll ; 2 
“ O°. dD. E* , * ee 
AAW 7 oe 7 
; : a Give a “Fraction name to each of the points, 3 os 
: ? ‘ Is the rational number located at point? B less than or ~ os 
: greater than the one “Located at .D? Explain your answer. | 
. . c, “In terms of the marks on this nuitbes line, vhat two fraction ; 
‘ names could be assigned to the point NA ? 
sO 6. . Interpret 'o on ‘the cumee line the following: : a m . 
2 : ; : . 
7 20, > > 20 23 si 
7 Be 5 = _ b. ¥*? “en ° 
. - Ue "Show. on: the number ‘line the equality: : nS os A 
on ; 2.3. = : 
ko Bq is" = bag 
. % ; ” ' 
8a. Pell. which of the following fractions are in — fora RS 
2+ 6 MoT we woe 7 a 10, 13 3 a ge a Te 
1335? 32? 73.2 513 RS» Te* Fz 
7 5. For, each pair of rational ‘numbers named below, indicate whether the 
- » hs first is equal to she second, <a than the second, or less than 
ae” _ the second, . 3 3 : 5 es 
‘ : 5 des “4 Ma 1 « . . 7 5 13 9. ’ 
» > She By Ce B26. e 3? 18 . 
a x . F 2 cs 
. : 2 12. ee oe AE i 
JN b. BR ? BS a. 32 >.Be- = 
: : 10. Express each of these in- mixed form. . a 4 
. 7  -,°35 > 2 34 "56 
a i dv, oe Ce oe da. 15 | e. Tp 
3 7 id _ 
had 7 ~~ e x sy 
+ » 2 » 
3 % es ® : » 
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Congider the points labeled A »>B,C, D and BE. on -the. 
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“1. "Many models may be used. These are illustrative only. ¥ 


“2, The figures are not good models because they are not ‘partitioned 
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into congruent regions. - is ' 
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a a “+ gy . Higher terms; many ‘answers, eget Lower terms; any: of these: Lowest terms: 

: gq; BBB, oh: fw 8 
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Limit 6 how large. the nunerator and denominator cay become, 


. 10; sincg in & Py k can oe any counting number, there is no 
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See i5.- More than canbe counted (actually “infinitely many”) se oe 
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. ‘MEASUREMENT . ‘ 
 * - Introduction : . oo , . -_ — aS eM a at 
- ye _ Measunenent is one of the connecting links between the physical - 8" 7 
world around us ‘and mathematics. So is counting, byt. ana different way. ca 
We count the number of books on the desk, but ensure the Length of “the : 


desk. Measurement ig also a connecting link between ‘nuubers and geometric’ 
- figures. To measure a line segment is to assign a number to it. This 
cannot be done by counting the points. oF the segment since there are. oo 
infinitely many | points in ‘any ‘Segment. To take the place of counting me oF 
ff ‘the pointe;-some new concept must be developed. The concept of neasure- 
ment" thet” will be developed is applicable not’ only’ to Line segments. 
i, but in.a closely related fashion to angles, areas of regioys » volumes 
‘> of solids, weight, time, work, energy, eis many other concepts or. - 
ahysten entities. ae of 


‘Me Measure of a Saget ‘ _ _ 7 . : 


-% : “Tn mathematics we > think ot the endpoints of 8 ine segment as being. . 
exact Locations in space. he Line segment determined by these endpoints 
‘ts considered to have a ce tain exact length. ’ For a, ak the end- “3 * ve 
points A and B oof AB/ are ‘exact locations in space, and AB itself , . ? 
; . has an exact Length as gne of ite properties. Exact length, then, ‘is a 
. property of ‘all segmen 8. In our intuitive concept, of congruence, we 
“have said that two 5 ents are congruent. if a movable. copy of one can 
: i be “matched and fitted exactly" on the other. This may be interpreted : 
- , as meaning that th two segments have the same length. « Thus ) the: common . y 
property of congryent segments is the same length. Non-congruent seg~ - / 
ments have aifferent Lengths which enable them to he ordered. When ve ‘ 
. compare AB “with qny other segment such as oD . one and only one of . aan 
‘ these three things is true: *——— 
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a8 longer “than “@, ‘7 or as os 
“as” exactly as long as GD, or se 
is shorter than CD’., ae 
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. way, we wish to associate. numbers: with the’ property, of length of segments. 
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In the case of finite sets, examination revealed a property ¢ on ‘the 


basis’ of which the sets could be gompared. That is 3, One set cours match 


a second set or it: ‘gould have more or fewer meubers than the second set. 
At ‘that point, numbers were associated with the property. In the same 


‘This is the objective of measurement \ or finding the 1 eth" of a segment. 


~ 


Let. us describe athe process of ‘measurement as “at applies to line 


segments. The first step is to choose a line segment, say RS ; 
serve as one. unit. This means to select RS and agtee to 5tonsider its 


measure to be | exactly the number 1. ' , ‘ 
¢ 2 : ; 
: F omeaammaemmeetinmeeeneneantens’ 5 


(We should recognize that this selection of a unit is an arbitrary 


‘choice we make. Different beople might well choose different units and . 


historically they have, giving rise to ‘tae confusion. For example, . 


at one time the English "Foot" was actually the length of the foot of 


_the reigning king and the "yerd" the distance from his nose to the end 


of his outstretched arm Tmagine the confusion when the: “king, died if - 


“the next one was of much daifferent stature. Various atandsira units’ will 
. be discussed a little later but meanwhile we return to the choice of RS 


“ON 


as our unit, recognizing the arbitrariness of this choice. ) - AN 


Now it is possible to conceive of a line segment, GD: ) th that 
the unit RS can be laid off. exactly twice along @ , a suggested in 


the next drawing. - an 
* r a UNIT Y 
¥ od . 
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? \ : \ . , oe R eg 5 
\ : k ae : 7 
~ UNIT UNIT 
: , . ronremnaerenvemeramnanmeen, pracmnrnrecnntNeraneasssaitinn 
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Then So ee the measure of cD is the nimber 2 and the length 


_ of GD ig edad 2 units, although CD can be represented ee 
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. epproxinately by a drawing, In the same way, -line segments | of dength 
3 exactly 3 units, or exactly k units, or exactly any Larger number of 
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wg 
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units ae ‘conceptually possible, although such line segnents can be oreme 


: only. approximately;—ta-fact, if a line ‘segment is very long -- say a. 
million inches long v= no ‘one would want to try to draw it ‘even epproxi - 


mately; put such a ‘Segment ean. still ‘be thought of. 


We can also conceive of a line. segment, Cae » Buch that the unit 


’ RS will not "fit into” AB a whole number of times at all. AB is a 
Line segment such that errs at A the unit RS can be ‘laid off 2 
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unit. 4 
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times along x3 reaching Q which is a hatpacs and B, ae if 
it were laid off , times we vould arrive at a point. P which is well 
beyond. B « -What can be aaid about the length of BB, 2 Well, surely 
ve has length greater than 3 “untts and less than h units. -In this 
. pareicular ‘ease, we can also estimate visually that the length of BB 


‘is nearer to 3 units than to 4 units, so that to the nearest unit 


the Length, of AB is 3 units.” This is the best we can do without 
considering fractional parts of units, or else shifting to a smaller 


~ 


y 


“Another way ‘of describing Length to the nearest unit is by using 
the word “measure” - Thus the measure of AB , denoted m(AB) » is the 
number 3 . tt is understood in the use oF measure that: it does not 


necessarily describe exact length. if two segments have the same length, 


we know “they are- congruent and they have the same measure. Two segments 


“with the same measure in terms of a specified unit are not: necessarily 


ooo songruents However, if two segments have the same weasure for every 


specified wath no matter how small, ged must be ate: 
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Problems* ; = a 


le _ Using the unit em———e find the measure of each of the following 


4 ; ‘segments: to the nearest, unit. ; . 
‘ : (c) : 
(a). : . : 
» 2. Using the unit -’ ome! ina the n measure of each of ne segments 
° s] 


in Problem aca to the nearest wet - . 


; ‘To help us in estinting, ere the measure of a segment is. say, 
3B ow 4, we need to wiscct gur unit. RS is agair shown as our unit 
with 1 bisecting ‘RS. ‘sok that RT is congruent to Ss and. RS is . 


sea to measure MN ‘° . : : - “ae i 4 
: . “es ? aac ‘n 
a : . s e. < a Sos 4 wh x . ial a 7 
. ; = T : ¥ - 7 . Py ee 
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ee rr ferential 


In ‘laying off -the unit along Mii, label P* the ‘endpoint of the. 
first unit that falls on or beyond « and label Q the end of the 
preceding unit just as you did for KB oon ‘the preceding page. Using . 
RE (Which has just been determined) to aid in measuring - AB 2, we can 
check that BP is longer than RT and that the measure of iB is 
3 , or :m( 3B) = 3 . Above, NP ‘is shorter than RT and m(MN) = - 

’ There is nearly always a decision to be made about whether or not to 
- count the last unit which extends beyond the. endpoint of the ‘segment 


being measured. The reason for this is that itis rare indeed for the te 


“unit to Pit an-exact number of times from endpoint to endpoint. It is 
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*soiubtang for probilens in the chapter are on page 312 . 
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e well to resize now that - aioe is. approximate and Subject to. error. 
| The, “error” is the segment from the end of-the segment being measured to 


San MN, 


ment in ‘berms of a “particular unit is the number 3 m, 


“any more than you add apples. 
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7 ee 
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" You add numbers, >» not yards nor apples. 
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to "a line segment of a units" we mean “the measure ‘of the ithe seg- 


: comparing their results or communicating with each other. . 


a 


the end of the last unit being counted. In Be the error js BQ r 
it is WE. We note thas the error in any measurenent is always : 
at-most half the anit being used. 


. 


. Let us,emphasize one ‘thing | about Savaindlony.: In a phrese. similar & 


The poins here % 
is simply to have a way of referring to the numbers involved 80 that 
’ they can be added, multiplied, ete, 


jhow to apply: arithmetic operations only to numbers, 


Remember that we have. ‘eera rel 
“You don't add yards 
3 apples and 2 appl 


if you have 
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you have -5 


( 


‘apples altogether, because 
B3t2a=5. 
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any 


As. we shall see shortly, the use of different units — rige 


to different Measures _ for the same seqment. = if we ‘ponsider MN ; 


mM) = 6— for the unit Kb and 
* (MN) = 4. in terms of the unit BS , 


\ 
as the figure indicates. 
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Standard Units 


Numbers of people each using their « own ante would have diffi 
For these 


‘reasons certain. ‘units have been agreed upon ‘by ‘large ‘numbers ‘of people . 
7 ‘ 
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and ‘such units are called standard units, 
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’ ‘ * Ss : 2 : ~ 
= Hietorically there have deen many standard ‘ates used to measure 
rd ‘Line segments,’ such as a yard, an inch or a mile. * Such a variety is a 
, , great convéniience. | An inmch is a suitable standard unit ‘for measuring 
the edge of a sheet of paper, but hardly satisfactory for Pinging the 
‘Length of the school corridor. While a yard is a satisfactory standard. 
tor measuring “the sctiool corridor, it would not ve a “sensible unit. for. 
ne finding the distance between Chicago and Philadelphia. 7 oe 


= . 


Oe ‘Buch units of linear “meReUre as inch, foot, yard ‘and mile are . 
7  ". commonly used standard units in the British-Ameri can systém of measures. 
In the ‘eighteenth century in France, . & group of scientists developed the . 
system of measures which is known as the metric system using & % new 


standard. unit. hs. pear: os . . 


7 In the metric system, the basic standard unit of length isthe, 

meter, which is approximat 39.37. ‘inches or a little more. than , 
a a yard. ‘The metric system: is in common use in all countries except 
a those in which English is the ain language spoken and ‘is used by all — 

scientists ‘in the world including those in English speaking countiieé. 


Actually, th e Official standard unit for aaa. measure even in _ the 


oS ftiimeter, ‘inch, “foot and yard are specietya. by law. with oer 


. . . ‘ . 
e; meter. , = - : 
zt 


ee -The principal advantage of ‘the metric. system over the British- 
_ ; : American system ilies in the fact thats the metric system’ has been designed 
- for ease of conversion vetween the various metric units by exploiting the 
. decimal system ‘of numeration. Instead: of having ‘12 inches to the foot, 
» 3 feet to the yard and 1760 yards to the mile, the metals system has 
10 millimeters to. a centimeter, 10 centimeters to a decimeter, and 
_ 10 decimeters to a ‘meter. This makes conversions between uxfts very 
ss 7 eBsys = c * 
4 7 ; So far we ‘have said nothing about metric units larger than, the meter. ie 
. » The most useful ort these N the kilometer, which is defined to be i; 060 
. meters. The Kilometer is the metric unit which closely corresponds to 
__the British-American. mile. It turns out that one kilometer is a little , 


» . ~ 


more than six-tenths of amile. . . ; <=. oe 


Baw a 


_ .  * We dive already. noted thkt.in she metric see. the neter is the 
unit which corresponds ierbatne tay to ‘the yard in the. British-American 

a ‘system The. metric untt which corresponds ‘to the inch is the centimeter 

. which is one-Hundreath. of “a meter. A, meter ts almost 4O inches so it 


takes. about a5 centimeters “tg veka an inch or to put it anoener way 


a centimeter is a about = or .& of an inch. Below are illustrated . 
a scale of inches and a scale ‘of centimeters so you can compare then, , 


‘Centimeters * _ : vs% . 


< Tnches 
Seales end Rulers, ae Fe 
- Once a “standerd. unit such ws a yard, meter or mile is agreed. -upon, : 


. 


the creation of a state greatly simplifies measurement, : . ‘ \! 
“a oe ; i 7 OA aneie “igh, nunper line with the segment from 2 oo ht , 
0 a, Oo to. 1. woe Sine to athe unit ae used , . . 


. A scale. can’ be inade with a non-standard anit or with a standard unite 


. 


ey, - A ruler ts a straight "edge on which a scale aaa 
-. @ standard unit has been marked. : 
wa : . : ae > * : 
ve TP we ‘use the inth as the ‘wit ‘in making ve Fuler, we. shave a neasuring 


devi'ce designed to give us readings to the nearest inch, Most oeeeney 
erulers are marked with the unit nsestatorath of an ineb of with the 

cs unit one millimete?. i “a : cee 
The Approximate Nature, of Measure , : oe ee ** 

Any measurement of ‘the length of a, segment made with ¢ ruler is, 
at best, ‘approximate .*. When a‘segment is to be measured, ascale based = 
on a unit appropriate to. the purpose of the measurement is “selected. . i 
a ‘the. inde. isthe segment with base tiie at two consecutive scale divisions 

- of the ruler. The scale is placed on the segment with the zero-point of 

the Beale on one ehdpoint of theWsegnent. The number which corresponds - 

: Rthe ere point ‘of the scale nearest the other endpoint of the 


. . * . ‘ . 
wos - . . if a . “ » 
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aa -_ Begment is the measure of the. segment, Thus, every measurement is made” —- 
. to the Hearest unit. bor’ the inch is the unit of measure for our ruler, - 
: then ‘we have @ situation in which two line segments, > apparently not the 


- ‘seme: Length, may ‘have the same measure, in terms of a specified unit. > , 


Ne 


7 oo 295 Y= .. . =) 


INCH a e *e<er : ye ® 


7 ta anches, m(GD) = m(AB) & 2 * . 

: 4 eg > ; 7 “i . : ; : ; 2 
‘™ . For the same two segments we may get a different measure if we use . 

ee 8 different unit segment. re should be clear ‘thet if the unit is ‘thangeq, 

- the scale changes. Thus, iff wé decide. to use the céntimeter as our unit, a 

: ‘the figure below shows that in centimeters m(AB) = and, (GD) += 


: ‘Yow the measures do indicate that there.is a aifference ‘an the Lengths = a 


. A 2 B. ees 
Fa 
ee ; % 


CENTIMETER. | 4 2) | Se 
_ in centimetres m(GD) > (7B) os ° oo 5 ag 


¥ 
Y 


of the two segments, Notide. “that by, using a emal ler “unit (tne centimeter) . 
we are able to distinguish etween the Lengths of “tho” nou-congruent seg~ —o 
ments which in terms of larger unit (the inch) have the ‘same mMeasure.- a 
If measurements of the same segment are mage ‘in terms “of different units, 

the error in the. measurements may be different since it is at most half. 

ca the, unit being used. Thus, if a segmént is measured in inches the error , 

 . cannot pe mde than half an inch, while if it is measured in tenths of 

an inch ‘the error cannot be more than half of a-tenth of an inch. 45 a , oe 

’ result, if greater precision is desired in any measurement; a smaller 


unit should be used. = . 


* 


een Sometimes it is more convenient to er 2 Length ‘of 31 inches 
ae as 2 feet’ 7 inches. Waenever a Length is eaecee using more than ~ 
a one unit, it is understood that. the accuracy of the measure is indicated | 


. 


° 


y 
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‘by the smallest unit named, A length of 4 ya. 2 ft. 3 in, is measured 
to the nearest inch.* That is, it is closer to ‘hyd. 2ft. 3 in. than 
. - #¥as to either 4 ya. 2ft. Qin, or 4 ya, 2 ft. hin, A length of 
. — hyd 2ft. is interpreted to mean a length closer to A yd, 2 ft. than - 

sto 4 yas ft. or 4 yd. 3.ft, However, if this segment were measured 
_ to the nearest inch we would have tO indicate this by 4 yd. 2 ft. 0 ‘in. 
‘a. Ore kh ya. 2ft. (to the nearest inch). There isa very real difference 
in he precision of these measurements, Wier, the measurement is made 60 

'.. the nearest foot, the interval withtn which the Length may vary is one 

foot; when the “Measurement ig made to the nearest inch, the interval 

‘ within which the length may vary is gne inch, This is because the end 

of the last unit counted may lie up ‘to a half a unit on either side of 
“# “the end of the segment. ; 


* 
2 a 


A, very important property of line segments is that any line segnent - . 
te may be measured’ in terms of any given unit. This means that no matter 
2? how small the unit may be, there is a whole number n, such that if we 
lay off the unit n times along AB starting at A we will cover iB 
completely; that is, a point will, be reached — is at the point B or 
beyond the point B on mB. . * * + 


~? ae 


- The length of a line segment isa property sof the line segment aie 
we may measure ‘in berms of different units. Theoretically, two segments 
Jhave the same length af, and only if, they arc congruent. We run into 
trouble thinking. and talking about length because, in practice, measure~ . 
ment of Length a made in terms of units and, as we sav above, two. lines 

; which are really different in length may both be said quite truly to have 
ak 2 Anches ‘to the nearest inch. ; 


a ty 


: ‘A vivia illustration of this trouble will emerge if we think about 
> an application. of linear measurement to the calculation of = perimeter 


(of & polygon, By definition: ; ¢ 
S| as & The pe vimeter , of) a polygon is the length of the 
, * line segment which is the union of a set oK.non- 
gy erlapping line segments congruent to the aiuss 


? . 
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‘Thug the perimeter of polygon ABCD is the Length of ET where . 


~ ST as the union of EF , FG , GH and FI which are respectively 


congruent to AB, ‘BC 2. om and DA. If we pat pins at points A, 
By, C- and D and stretch a taut thread around the polygon from A 


, back to. A- > -vihen we straighten: Gut our ‘thread a will have a model of 


~  ®& segment ‘congruent to 4 $. * 


was re me ee 


2% The ‘Length ‘of iT > we know intuitively, is the. sum of the Lengths: wa 
of the ‘four segments when we consider ‘Length as an intrinsic property 
Qi segments. But, when we talk about Lengths as ‘measured in terms of 
certain units we may run into the “following situation: 


2 CENTIMETER = “ 7? - & 9 


oO. ~~ . s 1 INCH SCALE . 38 


‘To the nearest centimeter m(AB) = 


n( BC) 
- to DE, BC is congruent t> EF , CA is congruent to 


is congruent 
bus a(IG).2 10, 
= u(BC) = wm(GA) =.33 , 


=, m(CA) = BB 
isa 
This is because to the nearest millimeter m(AB) 
and to the nearest uillimeter n(BG) = 99 , and to the nearest centimeter _ 
this means ~m(G) * Even if ve measure our stgments to the’ nearest ; 
- inch we Pind m(AB) = m(BC) = m(CA) = 1 and we expect the measure 
of the perimeter to be 3. But we find (DG) = , This reminds us” 
. ‘again that the measure of a Length is always, at dest, an approximation 


“Ay 


~~ 


* and approximation errors may accumulate to cause real trouble. ‘The © 


: problems you are dealing with numbers which turn up prom measurement - 


of the wait selected. : = 7 


s » ¥ 
i ‘ , & 6 . . 5) Q 
. . 3 « . 

Problems \ \ 


3. Two -chilare -are asked to determine the Length and width of a 


crates one - L's given a ruler with units marked in’ feet, the other * 
Oa ruler with units marked in inches. The first says the crate 


is 3 feet Long. and 2 feet wide; the second says it is 4O- inches 


by .28 inches. . Explain why they could both ‘be right. 


he ti aie are ‘asked’ to find the perimeter of the crate.’ The 

. first one ‘says -10 feet, the second says 136 inches. A string © 
is then passed around the crate, stretched out and the children are. 
asked to measure ‘the string to find the perimeter. This time the 
first one says 11 feet, the,second one 137 “inches. Which re-* 
 gults ape correct? Explain the discrepancy between the results. 


; We have indicated in this development, that length is the common 
property possessed vy segnents that are congruent in much the “She way . 
that a number is the common: property of all sets “that are equivalent. 
Corresponding to the length of a given segment, 1a whole number is 


attached which we call its measure. Note that this measure depends. oy 7 
the unit selected, and, as we have seen, is what one normally considers 
‘the measure to the nearest unit. Thus » length is approximated-by the *- 


measure, with the approximation being closer and closer as the: unit is 


finer and ‘finer, This is the. cbse for any measure whether ait ‘describes - 
Length, time, weight, or any other measurement. : 


When we say me a segment has 49 measurement gf 5 inches, for 


, instance, the ae ation is that the unit is ae quercen-tnets This, 


a “measure” of 3 ‘ts actually 13 , since . 3 inches means 13 


> 


: Suet ee enchcets ” ‘When-a-~measure-is- “expressed: ‘a6 @ rational number: the 


understanding is, therefore, that an approximation is made to the 


smallest unit indicated, as for example, the qoarver-tndt mentioned above, 
: Starting with the concept of measure as a whole. i & menting may now 


7 


_ processes. The. preciseness: of any aaa a is related to the are a 


» 


: best we can say Ts to be aware of this possibility whenever In youy = ; 


a 


ae. 


e* 


Fa 
be attached to a measure given-in terms of a rational number, With . 


- reference to the smaller unit, the measure is the whole number of the 


smaller units; with reference to-the larger unit, the measure may be 


. stated as a rational number. 


on a line, a segment can always be found that would be ‘congruent , 


3 to some segment. | Tt is then possible to choose two, points on & line so 
“that. the segment determined by the ‘two points would be congruent to the 


unit for: ‘a particular measure. If the two points on the line were 


, identified as 0 and 1, then a number line may ve constructed such |. 


that the unit on the number line is congruent to the unit for the measure, 


' Now, suppose “that the Length | of a given segment is to be aotverained, ° 
Clearly, there would be a segment on. the number line from 0 to a point 


“having a rational number as its coordinate that would approximate the 


given segment in Length. In fact, by finding the segment: on ‘the number * 
line with - q as one: of the endpoints (the Left endpoint) that is con- 
gruent to the segment” being. measured, t should be possible to obtain the 


+ measure by the coordinate of the’ oth A enapoint. by this, any ‘number | 


that may be associated with any point on the number line as its coordinate 
may be assigned as the measure of a segment, and two segments are said 
to be of the same Length if they have the same measure sepevdless of 


the unit used. Length, conceived of as’ the common property oP congruent © 


segments J is a slight departure from length in ordinary language usage, | 
as for example, in stating that the length of a desk is 4 feet. The” 
explanation of length as thee common property of congruent segments more 
accurately emphasizes its mathematical meaning. sere 


» . 
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-1,°. Whigh of the following statements is true sbout segments AB, CD, 


Pail 


a. AB is’ congruent to DM. a.” 


7 ZB is congruent to EF 
A. Hy ‘pb. AB is shdPter than CD e. GH is shorter than [ne 
° , c. AB “is longer than com f. GH ‘is congruent to GD 
2.. A dog weighs 18 pounds. 
a. The unit of measure is >. 
b. .The measure is | - 
Ge The weight is. ee . 
” 3 A eee is 9 - chalk pieces Long. 
a. ‘Its measurement is oN cae 
b. ‘Its meagure is — *. 
c. ‘The unit, of measure is . a ae 


ls In which of ihe” following, sentences are standard units used? 


~ 


= a. He is strong as an of; 3 
be Put inca pinch of salt. .~ ; ‘ 4 
; _ Ge We arink a gallon of milk per aay. ae ; : \ 


a. The corn is nee’ high. , 
ee ja am five Peet tall. *\.- 


» 


5 The measures of the sides ofa ‘triangle in inch units are xT > 
“35 and°13. a ee 
a. Woat are the measures of the. sides if the unit is a foot? 
‘>. What is the measure of fhe perimeter in juches? Tn feet? 
c. Is there anything» ations about your anawer? 


2 . ¥ rT 


a... How do tyou ee Lt? 


6.. Use ‘as a unit tO measure the following segments. 
ea ee a te —F 
, Is @ congruent to EF ? Do your answers consreuaes caer other? 
Explain. , a . 
. a gn ot. 


A ee tee ee eet eee See v8 ee 
. 
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Solutions for. Probleus 


ae Ls. * Be 23 Ce iL 3 a 2.° 


‘a. 25 b.35. G.-13. a. 3. “Te should be noted how the 
"measures aiffer, , 


hO inches to the nearest — ‘is 3 feet. since the error is 


4 


less than = foot... 28 - inches to the nearest Fogt : is 2 feet, 


2 


Again: the error is. Less than z foot. 


This problem involves the definition of perimeter of a polygon. . 


Note that the perimeter is by, definition the Length of the segment : 


which is: congyuent to the union of “non-overlapping segments cons * ‘i 


-gruent to the sides. Thus thé, second method is the correct one 

_ for both children and the answers: to the nearest unit are ll feet 
| and 137. inches. ~ “The first result. comes from adding 3+ 2+ 3 +2 
__batgach, measure had an exror_of akout... ye anches . or 3 of afoot. 


and ‘the accumilation of these leads to the result 10. feet which 
is, in fact, incorrect. The result 136~ inches comes arene 


because each side measured in inches had an error less than z an 7 
* inch but which accumlated to something near an inch. the dif- 


ference abween the correct regults l feet and .137 inches is 
due. to the fact that each chia gives his answer correct to the. 


" nearest unit he ‘is. using. . ; eu o. 8 we 


need rete een a ‘ 5 : . 
ay 


een penne ieten Seg 


As — ee ee ee en ee re 2 a oe 
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7 er = 7 er eB oF.) 
he _  MULTEPLIGATION AND DIVISTON TECHNIQUES ; 7. = 
. aS : Y x. aes say ; * 
Ps vanttpiytng Haubers Numbers Greater than Ten . ~ : 
Na ) ‘The ‘ability to compute with understanding and skill phen miltiplying 
: whole numbers greater than 10 depends upon. several thi 5. Among 

- these are: _ knowledge of basic multiplication facts, ability to use a 

“multiple of 10 aga factor, familiarity with our decimal place value 
7 a numeration aysten, and ability to apply multiplication properties 

( combative, associative, distributive over addition, etc. ). 

$ 
\ | First let us consider the proanae of 4 and 12, for which we may = 
display the array - - 

_ . . 
. ©000'00000000 
\ g4oo0000000000 
= 000000000000 
000000000000 , a 
Sy a . 12 : 7 % 
( 

i . By partitioning the array into two preys 50: that: each row has less then ; 

\ 

- 10. members » we need be use only basic mitiplication facts, the distri- . 
butive property of multiplication over addition, and addition facta. in , 
order to compute the product. of 4 and 12. For instance, we may . we 
partition the. 4 by 12 t array into a h by 7 array anda 4 by 5 2 . 
array: ' 

r 000000 ojowvvdoon, 

4290000 0/00000: ~ 
- 7000000 0/00000 , ’ . 
000000 0j/00000- , a 
7 . 
- + ® . 
“Then, 4x12 = bx (745) . oO . 4 3 
. = (ex 7) + Oe 5) ee | . 
Meese ice Gees ee, So ou ee 
"We have gone directly here from °28 + 20 to 48 and have omittéd the 
. be ; me ; ‘ 2 x 2 2 - 4 
> : 
4 _ “ 

" 313 

7 r 

ta : a l 79 ; 

é aS es 
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In drder to accomplish this multiplication, - 


“intervening steps: _ ae 
. S280 
eo ee _—ee iennerceesienetemmtmeammmmmententectememeertel 
“= 20 4(20 + 8) ee ™ 
“= (20 +20) +8 ae 
= ho+ 8 ; ‘ % . : on 
= 4B 


“ 


By choosing the numeral 7+5 for 12° > only beeie multiplication 


facts from ‘the ml tiplication table are needed, We coulda also have chosen 


to, consider 12 as 3 + 9,4 +8 or 6 + 6 without the necessity, of 
going outside the table. 

system we’ commonly interpre’ 
to partition 1 the. nN by 12 


wever, since in terms of our numeration 


12 as 10+ 2, it would be wore haturel i” 
array into two arrays in this ways, 


- -Q0100.000000]00. " 
e 4299900 0009/00 it 
~-"000000 000 0/00 
©000000 DOD Ol|OO ‘ 
10 a eRe 
Thus, “Ax 12 = ett «) SS e 
i = (h x10) + (hx 2) a a oe 


coo 
itis necessary to kmow 


multiplication facts for multiples of ten. This is “done ‘fpr the chilaren, 


also. oe us 


os ; 
To find the product, 4 x10 , we look at 


10+10+10+10=h0. 


" ; 
Similarly, all miltiples of ten are considered Sy. oe or counting - 
. tens. Furthernore 9 to multiply 3 an 


20 . then can be thought | of as:, o ; & 
& h x 20 = x. (10 + 20) 


, 3 = Os x 10) + (hx 10) 


le 


‘7 : = 80 
e i . 

_ OF as Settee aa Bees Geeide Ra ne Wee ee 

Fx 20 =h x (2x 10) . as 
~ »°. = ({% x 2) x 10 
_ : . =sBX10O © - : 

4 _ " = 
: 314 “t 
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Tn. the same wey multiples of tens of ad or. hundreds can be presented, 


‘ Jj S and 80 ice : F Sy : 
Returning to .the produet of 4 a 12, it can now phe completed. . ae 
<@ “as a a J&xie2=hx (10 + 2) > os z 
. eS = (4 x10) + (4 x 2) | t 
. a _ pe ao Maes. . ‘. 3 . : 
a ee 2: SO 
. We often use vertical algorithms such as these to effect the same compu. 


tation, 


As another example, consider the product of the numbers °3> and a 


. 3x B=3x(204+8) 
’ 
a ae © 9 x20) +3 xb 
= * a a a £O ne . 
Problem" | i. te 2 . e 8g ; z 
1., Show the multiplication of 3 and 8 in more detailed | form, , 
particularly. in going from 3 x 20 to 60 — and in going from 
60 + 2h to “Bh 
a — ; ; ; a ee Ss 
¥ We also may use one vertical algorithm or another to record our 
i Le 7 . . x. , 72 . . , . .t * 
y : 
3] . fe 
. ‘ : - . 
~~ solutions for problems In this chapter are on page 325 2. Spree tence ys 
: — a + \ 
_ ; a 4 a 
305 : 
> a 7 
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thinking when mltiplying 3 and. 28 : 


» 


. . Now let US eben’ our eeapatation to an "example suchas & x P36 
We spel be coi. ‘detailed. in our’ Tirst Diustretion: 
2 an & x 236 = % x (200-4 30 + 6) 
; = (4X 200) + (hx 30) + CF x 6) - 


= [hk x (2 x 100)] + [4 x (3 x 10)} + (4x 6) 
= [Qs x 2) x 100] + [C4 3) x 10] + Uh x 6) 
=.(8 x 100) + (12x 10) + (4x on =: 
| | = 800 + 120 + ah ae ee, 4 
2 800 + (200 + coda ten + AF > 
a : = (800 +100. + (20720) +h. 0 Ae -_o 
- ~ $900 FAO FR ares _ 
Sy . g | 7 
Problem oe Fs: = : ¢ * 
a. gustity each oer of the procedure just illustrated for the product \; 7 
(of & and 236. : — 4 
‘We may record our thinking in several *ways using vertical algorithms: i 
(a) | (200 + 30+ 6) (bd). 
x , 4 ‘or , or - 
“BOO F120 + oh , 
{900 + 4O+ A =D 
fe) [236 |. *ha) | 236 — {e) | 236 
Miata Seas say ag ay dae . x 4 Pere etree Sethi, Ae ihc cS aE x o é ; y - : x 4 . . 
— TB Oa x 6) a Oh | or eventually  ~ “J 9SRpo 
120 (4 x 30)] © wt a ; 
e 3 800 (4 x 200) ] — 8 : 2 * 
. ‘oak OLR | - 
q ; 316 
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— +. In all of these aitferent, procedures considered in*this section 


° 


; we have seen repeatedly, that“use is made of the distributive property ww : 
oF wultipiicetion over aadition, Parther GxtensToue OF WILUIpITERTgA we ————~ 
*. . * computations . such as 23% 45 involve even. greater use of this property. . . 
. -However, specific consideration: be these extensions af beyond the: scope 
a ot yhis chapter 


es : : THUS. 
: ; 


-_ 


Pee 


‘Problem | a * _ : -# 
3. Use one of the vaweical algorithms identified above by te) - () 


to illustrate each of, beak products, ° a. ~ & respectively. For ° 
q example, use fa) QB 8 


‘a. 3 and 23 *BS 5 and. 17 ce.  & and 38 
»  & 2 and 397 e.' 6 and 130 - ~ 


Seay 
fet 


Division Algorithus — 


Y . 


First let us recall that: & oe such as 2h + hen may be 
internreted to mean shat we are to find the ‘number n such that 
nxhe ah, We may illustrate this in the Following way, using & num 
ber line representation on which we have identified multiples of 4 $ 


With point P we have-associated 24 and also 6x4. Since the 
association of a number with a point is unique, we’ know that. 6 x 4 = oh 


she * 


and that 6 is the number n such that nx} = 2h. Let us recall 
what 6 x4. ‘means, using the number line. It has been interpreted in 
terms of repeated additior y Hehehe hahah, 


bf tp 4 Get 4 4 yp 


~<t-0-—0--_ 9 — 9-0 __0-_0-_- 0 _0-—_ 0-8-0 0-0-0 0-0 0-00-8008 0 
“oO 1 23 4 § 6 7 8 9 WH 2B HW 1 UW WV 1 19 20 2 22 2 2A 


ata 
“">. Beeause division is-the inverse operation of multiplication and subtraction — 
a a : . . 
is the inverse operation of addition, it is reasonable to expect that 
division may be interpreted in terms of subtraction, This is indeed true. 
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Thus, - 2s & can be shown on the’ mftber’ Line as repeated subtraction. 
&. a 
_ oO) 23°4 5 6 7 8 9 10 J IS 14.15 16 17 18 1S 20 21 22 23 24 
. * x L- % . : 
Po 24s 6 rene ti a 
. 4 : $ z 
The procedure illustrated above can be stateg f in terms of numbers: - 
ae Z , 
0. from ah- we subtract 4 - afd then continue to suotract 4 from each 
a remainder in: yarn, u ‘until reaching a remainder that is Less than - His 
i . For instance: . 
ok 2. #16 12°. BB. hk , 
. ~4 - 4 - SS i re 
: 20 6 2. . “8... q ee *) : 
_ : Since there ae i such subtractions and ba resulting remainder is. 0, 
Y * 
‘Ns we “know that 6 xh =. x 3 > » , ™ — 
’ : a 
ae Frequently we show these. subtractions in amore compact ° ah 
\ - ~~ k-. 
 * form such as that shown at the =e = . , 
“Our work udight be: shortened if, for- Tuseadce!® we 7 “et 
- 0 subtracted multiples of 4 that are <a than ae ’ dk , 
such asi a aa 
. “3B 
an .) oy Ny 
. 7 : Tt: v 
~ 4 
6. . 
ee 4 - & (1 four): or (1 x 4) ; 
ia 0 awe 
\ ~ a a: 
A total of e fours have been subtracted sipce = 
(2 x 4) + GB x4) + (1 %4) = (2 *3+ ) x i eg eR 
7 ° a = 6 x h . 7 : 
Repeated subtraction, then, provides the rationale for division \ 


‘algorithms. Using. multiples of the divisor can be of great advantage - 
DP we are dividing larger numbers; for “example, Hoe Jen. © ee es cy 


e 
: = € 3 = 
: . an: 318 r 


o 8 
ef 0x8 5 1X8 2x8 3x8 4x8 5x8 6x8 798 Pe ae Mag. 12x8- 


* , , : os 
wy, Thus, ath zh there is nd "inole nthe R euch yee n X B's io y ~ a 


As before, of course, “he. + 3s 1h | even “though, atfferent miltiples 

of 3 were used’ Choosing migriies of ten may “eget be more snatural 
and more simple eventually, “However, chyldren, wilt, begin with’ the ” 

smaller miltiples and take dere jumps in accordance with esd 


maturlyy. « = ae _? ar. ae 4 -* . 


. “4 Sd 


. J : "Next — aA gonsider an exam suchas, 101 + Os =n. 


6 24, Be AO _ 48 56 64. 72 80, 88 96 


. ~~ 
2 


Clearly ther’, is ng whole funber n. oe that nx8= “101 s aince 
12 x8 = 96 and.13 xB = lok. » and there is no \nole : number: between, 
12 and 13. Sask — —— 


aoh id ‘ a 
‘ 3 


Let us “explore the situation forther in this way: 


ae 


“ we have » aeberained that 101 = 96 +5 oy 101 = Ae x 8) #5 7 However, 


y> °°? : . x ms ‘ ede cg a yo " we . 
~~ _. 319 = cm « er 
x ‘ ‘. . ° . 


Eee. - 2 a) = Oy oe 


rt . oe 


* a 


we are not permitted to write something such as -101 ‘ ai 24225 5. 
since "IB r 5" :is not a name for a number, ° . 
2 tension CO TEk, OTe —— 


2 . * yo. 


In cee, “af a is any whole number .and ~ ~-b is any counting 


, a associate with - +b or . rs the senpence oa 


% 


- commonly written in the form ~ . at : ¥ 8 sy ; 
aa , te a 
: a e i Lae oe ate . : , Se & 


for which n is @ unique whole number” ee that. i x ga and. 
Yr < b # For exenple, 20 + 3 *can be associated with 


. y 


os | 3} 68. 
v. . . : ry * x . . . * 
ore . (6 x 3) + 2 or. 3" 2 es 
: : . ; ~ ‘ . . 
“ehere a’=.20-,b=3,n=6 and r= 2. In more detail, the common. 
algorithm would eee . > —s % SA 


Thus, - &. % 3 = 18 is to be subtracted from 20 rs) pina the. jee, 
Tn order to subtract, then, 18. must be Jess than, ‘or equal to 20. 
; If ‘the: remainder, 2, had been’ greater than or equal to 3, we Souke 


have. Found. a larger mitiplt of: 3¢ ae) subbract from 20 - 125 


ys 


The condition that. r<¢b has 8 further: implication, | It is cer- . 


> tainly true that \20 + 3 can be associated with this equation: ‘ 


an x 


X 
Pans 


- we S = (23) 427 — : 

from shes “it. can be staked. that £20 #3 is. 1 witha remainder of _ 
“17, Similarly, = (2x3) +1 io 
pe ee ee eA NS = 

_ wes cat Sree 2 8 ee 

ae ‘ ; oa = (5% 3) 4 5. se _ _ . 
te . (6X3) + 2°° _ 3 


acc all valid equations associated with 20 4 Soe Tt is generally. under - 
ptooa, however, that when we wish . bo ROW what ,20 divided-by 3 is, 

we want the quotient expressed as the largest possible whole number plus 

a wonnegative "remainder. : (vote that. there is ae a remainder. _ When 


‘lo 


2 y . 


w, 


[s is a ‘factor of - ‘a oa it or to be Oo ») me oy restricting. Ehe- 


7 remainder, r , to be less than the divisor, b , we assure that n will 


wbe. the largest whole ‘number of times b is contained in a : ‘and = we 


.* only associate with 2 7 3° the equation we want: |. <e 
. ae ees (6x3) 4B. @ SO 
P “Now let us use ‘division algorithms to find n and x. for rRhig : 
: expression: 250 + 7 Or, r, Re 
es . rT 
or or, using 
larger a eigen: 
. $ 
an > 
4% . ? 
Thus, for a= 20 ‘and. Ba 7 Pe see that > n= 35 and roe 5. oe 
™y. a oN 
We therefore TAY ° associate with 250 * 7 og? the sentence 
| _ 250 = (5 xT a5 
a . . «,° e y id ' * 
. Ka . , . . . 2 - 
_ Problems a se . : . 
See t e oo om * . "ks 
4, Por each of the folowing write an equation. of. the form : si 
Pe = (nx b) +, ouch thet (n xb) ¢ 8 end wr <b., . 
, Bes! ere ee c, , 11244 
. ST ” geet 83S R06 “ 
x da. a oa ~ > ; & 3 . pee > 7 
y Sse 4 < : ‘ A * 2 or any » ' _ 
_Be. Rewrite,the general equatidd for the epetfial cage where. r = 0 
eee » ae 7 % : 
. ’ | iz: v e 5 4 & ’ 
> . gel 2 ‘ y 2 
= * x : =: 


_ be . : . = ~ ? = 


o- 


“*% 


we 


~ > ae *~ 
» 2: ‘ 
. —~ ae a 
m : “ = . ee 7h ‘* . han 
- Consider. the exempl¢ » 74 *#3=n, or e sor. 8 = 
. , e oe : 7 * > Ny : 
" e 
Ss ™ 2 2 ~~, ; - a =. 
» \ + eer, 8 ~ 
\O a: 


This algorithm eo iae us with a great deal of information. 


First, n since the remainder is not zero, we know that there. is no 


a , whole number a "such that 3 Xn= Sine That ‘Is, 3 is not a factar” 


of Tk. ee ro , so 


@ 


: 
‘Second, the algorithm gives us the information we need to replace ; 


n andr in the equation 7 =+(n X 3) +r 80, ehaoke (nx 3} ¢ 7h 
and r<3 eee an 


d 
a = 


bY . < , , & 


ON a he (ahx 3) ¥2 gs 


d 


~ i) 


. 


“thing, although there is no whobe number n> “uch that 3X n= Th 
there very detinetely is.a rational number - n such that 3x n= TA. 


one wnagne for that rational nunber is oP % ‘since 3 x a. 
a . 


‘algorithm gives tus the information needed to name this rational number 


= 7h. The 


_ ina different way, in mixed form., Frou! our ‘knowledge of rational. 


2e 


“hunivers we know that a (the remainder) is x of (the eae, ; 
that is, 2s 2 x Soe We then may assert | shat | . = | 
—* s * ‘ ; = 2 = 22 : = +s = » * 
pA Th + 3 ah + el ak 3 or: SE eh 3 i 3 
“Thus, we know that = 7 © ete 
\ 9 : 
; gx (2s ata gx gee aw. : 
: 3 i 4 Hi 2 gr, 
: Divisions with larger nUMbers fallow the same ideas we have developed 
put are  beyens the peee- of ‘this chapter.” “ . 


: . 2 > 
Probie em - } A £4 — , 
eee " . : . 


a “For” each exercise of secake express the quotierit.as a rati 
: number in mixed form. 6 ‘as 8 whole number. — . 


“ = . * 


Fes the development of multiplication sigovituas we used extensively 
the aistributive. ‘property of. multiplication over addition, coupled with 7 
_the renaming of a factor in accord with our MWecimal place value numeration to 
scheme. ’ For ‘instance, ‘in, order to effect “the product of | f and 23 | ; eo , 
_ we renamed 23 as (20 + 3) Ries then applied the distributive propertyg” 


0 hae geMte e 


hx (20 + 3) = (4 x 20) + (43) : , & 
In the acuieaant of @ivision | algorithms. we utilized a process. of : 
"repeated subtraction” in which we successively subtracted multiples of 
‘the aivisor. We. saw that the greater the size of the multiples used, ~ . 
‘the more efficient is the. algorithm => . ; 


The diviton algorithm gives the information necessary tO associate: 


with a+tb or a (where & is any whole number and b .J8 any counting 


number) either of two things: oat 


. 1. an equation of the form ‘as (nf b) + 34 where (n xb) <a 
and r<¢b, . . : 
2. ~a rational number in mixed form whenever 8 >> and b ‘is . 


not @ factor of ae , : 4 2 oe, 


A special case ofboth 1. -and es arises when rv = 0 3 that is; 
“Men” ‘b is a factor of a. —s x " -e 

. : : ae, — : or. 

‘ Applications to to Teaching - ™“ i 7 — - . 
It. is: important ee algorithms are developed -from ‘the cemaetee . ‘ 


. of being | ‘written records of thinking patterns used Wnen computing.’ Thus, 


‘2 


we can expect that children's elgorithns will change with the passing of aa x 
. A time. _ At first the multiplication and division algorithms may be more nee. a oe. 
. . 4 ‘ » . 
“Lengthy and. less efficient than at a Tater stage of work. We should’ .* eS 
allow children to use ‘those algorithms that ares most helpful ‘and sensible * : 
: ‘ “to ‘them, We “may encourage them. to shorten ‘algorithms aver & period of 7 + 
2 time, but children should not ‘be sce to use ‘more efficient gigoviitins 
- | prematurely. - a 
“> ett ; ; s Bg OS eee: : ie Se anna ed 
an ; ’ ; Ee 
: . 7 > xy * . . * - ; 
: & . ’ ? Q, \ 
¥ . . 4 
fa Pa > ” 
ae wa, > , 2 7 . a A 
“ : 323 : = f + 


jameet 
7 @) 
J 


° 


. 


Exercises ~ Chapter 13 


a 


\ 
‘. 


Use several ‘different algorithms to compute each of these: 


7% 3h 


Bs 
De. 


. es ‘9 x 28) 


a. 8.x 54° 


. 


(+ 
. 
a 
‘ON : 
m . 
\ 


Asso ite things with each of the following: an equation of, : 


: the form a=(nXb) +r where (n x vb) ga ama rews; ana. 
ae @ rational number in mixed form (or a whole number if b is a 
factor of a ). . eo = 
. o. / ; * : : 
. we «=. 38 + 6 c. 125 4 8. ‘ 
. st "db, "99 oh a | 8 eB Ss, s? 
- : = 4: a8 . 
» S A . Fi 
; - & . 
“* + 36  &  Usjng the common division algorithm, find the quotient ’ 
° rh. re ue - - 
ed . 2 a 7 ‘ ; : cane S ‘ 2 ; 2 : a 7 . : 
« ». Relate.this algorithm to the more primitive algorithms used 
oe .¥ : Bey . x * : a tee ; * : : 
- ‘by the children when‘ they are first introduced to division. 
? . - : ¥ 7 . . j 
i oa ea * R . ve e . rR s ws 
3. In as (11%) + ry, explain why ‘nX bfg a and rb, 
=. ie. i: Whe “3 2 : — + 
: % -\ * 4 
; a. Coe . i 
4 z * eo "ar : : yoy 
¥ _° . , ie ? . 7 N . . : % 3. a » 7 
: . " S - 
4°? y Ps 5 » 4 \ ; % : 
ae . . ee ~ °° 
’ re roy . 
7} ba ‘ . Sd 
Y ; = * : ao } a +e aS ; 3 
‘ a ie . > .. .* a 
Pe Yl oa » ‘ _ ” 
> i . . 7 x . 
. § ry e Q * 
a ay * . 2 y . : 
Re * * » \ 
‘s : yO aot, Oo se 
Lome * = > ~ vd a ‘ 
“Be N te nts : : a _ 
a ; > » a . »., 4 . . 
y . ~ mane Fad ’ 2 . ahs * : 
‘ ed > . .” : i) ~» . 
7 . - ‘, 9 ba nm = . 7” . 
ecient Ge - — : : : ae 
wt o . . a . * ? 
: . . ST . won ~ 
. » .” a) ’ t i 
‘ “ #3 a : 
t « . > : 
} ° * a ee * 
a ‘ » - ; a . N : : . ’ . 
. . a . a . Yr . ? e 32h . : 
7 “s l ae% 
4 . * fey 1 1 a > z 
‘ . ? Jo 
r . 
4 e@ % . : we ft P 
-ERIC-. ; , 
ENC : ; a= ~ 3 o | 


grok * 


at 


See = \ ' ee as 
* r . - : : \, . 
Solutions for Problems 
= Ss * - oS 
: ; . - go a . 7 7 
: , ae aaa 3 x (20 + 8) . . fm « s 
ae ates = (3 .20)-+ (3 8) ~ a 


- aaa = (3X 2x 10)" (3 x'8)- Lo eo a 
oe 7 e(6x10) H(BxBY 
os 2 60+ Bh. a oe © oe ae Fee se 
eS 29) Se Sc 
Nee Bo | | Oo 


: | es. 4 x 236 = loos ace) ) Renaming 236.” 
i = Ce x 200) + + OF x 30) + (& x6) Distributive property of 
| ts . 8 ‘+ y° waltiplication over addition: es 
: oa [bx (2 ee + The (3 X 20) (4 x 6). Renaming 
— Os x 2) x 100] + [(4 x 3): x 10} + Or x 6) Associative 
a : as . _property of 
a . oe im eS _ ae ~ 
= 7 ts (8 x 65) + a2. x 10) +(4x 6) multiplying 7 ; 
2 ) = 800+1204+ 2 Multiplyjing 7m 
= 800 + (160 + 20) + (20 ae Renaming a rr ee ee 
4 (800 + 100) + (20 + 20)*+ Associative property of ‘agaition ey 
— = 900 +4044 . Adding oo ea eo o. 
; - = ohh. ‘Adding . 7 . . | a . . . *) *% Sa. . = 
 # oa oe =. . me . oC * * : 
3. “as” . (20 + 3) - bey 10 7 50° .* se... 38 . < 
. x 3 _ ° x5. X35 *% 35 7 !!LCUK SS +, 


7 “60 ¥9"= 69 50 39 : tei} 32 . ~ 
- 4 7 < % " 120 : 
doy a \ ; r) 52 
: a. | 397 < ee Age. 4 " os 
g s x és >, x. 6 : ; a = 
. Zig 2 « “is : ae TRO as ! & aa 
18 . oo. 8 oe Ns eo x : a 
ae ae 7 4g oe a Be 
794 : oo _— =: <7 4  #f 
‘ Mi i . : ‘ sy : c ae 5) \ i fj 
wen, Mey Be BATH OT AB Be 79 = (263) +2 ce 112 (28 x4), +07 
- Soe Ge ST (9% 6) + 3 e. 8 ace 3) + 3 £. 106 = (53x 2)+0 
a i A a . », a . } 
: : re : 7 re re z ‘ 
“ — ) 3 ; . ° ; na oe x a 
: Be ’ re & % 4 a Ve . 
= ° ‘ a rd be : le : 
e P = a m art = 
* P ; An 320 7 re * 
° ; ® ere 
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The ou wining Wutber' - oe Le So ee 


~ 


“Ta our ‘gevelopment,, “We have started with sets as: i. pre-nunber concepts . . 
a : and obtained from them theaset, of counting, (natural) “numbers. _ Although : 
ici y we did nok consider thé ane of thes ‘counting “numbéra ‘(we considered e S| | & 
properties, of ‘whole nuubers), if'we had examined the counting numbers -.f @ ‘ 
"in this Light, we would have discovered closure under addition and mylti-* oe 
. plication, ‘In fact, all of the eee listed below -Hold for the seb 


a > a 


TY : > 
\ of counting numbers: 38 = 
" ee ' + the set is closed under Pagaition and multiplications - Pe 
he the’ eléments are. commutative: oe addition and mul tipligation; - 6 og 
the elements. are associative, under ewe and multiplications ‘ ee 
there is an daentity element for multi ication; , . 


a : » 


multiplication is aes over addition. =e 


The statenent ‘for the selosure snot under addition is: ae a —- ' 
*. and \b are coyriting numbers, then arb is (8 counting number. - This ns 


_ may ‘also be stated: . ° — oo — . 3 . 
lag | 


i a@ and b are tounting nuubers, and 
. ws +b 


= c', then S _is a.counting number. . 


. . $ 
: * » 


Thus, if a is 3. and b is 5 » then c is 3+5, or 8. A 
. related question is: if a is 3 and ¢ is 8, “is there a counting -_ ay 
_humber x such that .a a xec g In terms > ‘of open sentences, we are \ 


* 


“then looking for the solution for , oo 4 
¥ a 3 +X = 8 Py ; . » ‘ ' : 7 ; : 


& In this case, 5.15 the solution of the equation. If we ask whether 
‘there is a counting number >» such that 3 +b a > we are posing the 


Ys at » 
eee a + question: is 3+ b= 8 solvable in the set of counting ‘numbers? So ee 
‘ . ‘ = ® * ; 
z Cate 2 % 
=> “The Whole ‘Numbers 7 : id 7 
: bs ? 
~ 4 tn ne study, ‘we have found thet 3 40-e 83 furthermore » oO is 2 hae 
the. only solution for Mt x=3.- iia 0 is not a counting nuuber. 
. e ‘ : / 
i ’ : : : 2 . a: - - , / ar 
a. 4 os 


———Clensty then 3.4 dn 3 te not solvable in the set of counting aoers. 


Nor are S+xX=5, ae a 24+x%X= 2, and so on. In fact, for 
. any counting number - ‘a ? - 0 is the only solution’for | 

7 : -arxta, 
a has no solution in the set of ve numbers 


+ Seen eeareeetr termes: 


Bp ‘extension from the counting numbers to the eee qaerey’ That is, 


if Z = (0} and wet, a a a ees ee 
"then ZBUWE( 2, 253,5,5, oe) ae, 


® 
‘ Within the set of whole numbers, then, the equation a+ x= 4 
has ‘the solution x=O0. All the properties that we have for the set. 
* of counting numbers hold equally for the set of mole nuubers. - By the “ 


inclusion of OQ in the set of whole numbers “some new W properties gre . . 


* . 


: gained: . — Ly a: fe ge . Na 
: : y - ae a4 ag ° 
‘ 2% there is an identity element Por additions , : 
i a . As 
ar eas the produce of O and any whole number is: ‘Oo. an ; 


_— FF ; \ 


rv, 


tk Even adjoining 0 to. the set of counting. ‘numbers is not enough - 

Me a to completely solve the equation, a + = If, c « A; this equa * 

tion is not solvable in the set of whole ete For example, there . 
is, no whole number, x such that 5 +x 3 ” Negative numbers are . 

: introduced in the first grade, ‘put only in a limited way in ‘relation to 


_ the number line; for example, as associated with the scale on . ‘8 thermometer. 


any 


” pater on, when negative nuubers are explored in greater ‘detail, ‘the 


opposites of the counting nunbers, namely, lesy o Seeds Sy may 


be adjoined | to the whole numbers, “Thus, | ‘we get the set of integers \ 


Te fie Hh, i cree 4 is 2s Bye, 


Then, the equation art x=c will ve splvable in the set of integers 
for ‘numbers @ and ¢ in thie set. _ BY this extension, we will Find . 
Red that ail the properties: that we have identifies for the whole ecabesa. 
still hold for the inpegers. oreover, we have an additional property 
me “yhich derives from the eins of +& = 0- for any integer . Be. 


The solution for thi's edeapee is called the inverse of a. ans * property 


> oe Mei ay FS : ‘ . Fs i ’ 


ae ‘i . The e Integers . i ; : ; e = : 2 °F 3 . * : : 5 


has 
Ys 


tray be stated: 
: for-each integer a , there is an inverse, 
™~™ -? . ~ mm . 
a such that at as0. se \ 
X 


By “hes commutative property, : we can see that - a a “a are inverses | 


of reach ‘other. For exemple, ~3™ "3. =0 and "3: +3 +035 50, 3 and 


3 
aa 3. are inverseg e seach: other. : 


“Historically, there Was only, need of the counting number's for the 
primitive oman 5, his possessions and ail his -reckoning were adequately” 


‘accounteg for by these numbers. ‘The concept of zero as & number did not 


emerge until quite late in- civilization. With sophistication, we may 
. | interpret the concept: from a different point of view. Zero might be 
. - considered to be the solution for. at x= a for whatever number a3 
"in a way, &: number called zero is “postulated” as ‘the solution. 
— Fas may ve posta” ated as the solution “or ar+x=0, 


ws 


_ The Rational Numbers . Soe. . 
- : We may next consider, the solvability of ceiations of the-form 


aX x ae. for integers, a and ic. Evidently, _ for certain numbers | 
“such as a = 2 and c a6, the equation a X x = se’ is solvable in’ 
ot’>, aimtegers, The solution for, 2xx=6. is. 3. . However, equations 
“  puchas 


* 
bd 
. 


6 x x= 2 7) 
8. ‘ hs a 8 
‘* are not solvable in the set of integers. - Thig leads to the set of all 


rational numbers ; vg sao represented: by = where. m and na are 


: aa and on # oO . cae solytion for 6 X x = 2 is then considered 


a se o ne : just. as the solution for 2xx<6 is considered to be ‘ 


he we have indicated in. the ‘preceding section regarding the. postulation 


of zero and “a , the number = may also be postulated as the solution 


for Ake. 


? 


, , ror exauple, the numbers ‘named as. 


. 


* 


_ 6 oe Xk OS 
Pak . ; ; +. 2, Bo 2 vos aE see y for x #0 


a a Rs 


* 


By representation of such thumbers on ‘the number eine, “we identified, 


? 


ERC = 4» >. & “Fs = 


to be. the came muMbers a se 


Dirge se 


bRE-O, ‘then 


by Bue are identified with = and all numbers = 


J ; 
. that can be represented vy bs s <* are ldentified. with | 7s 
= » where a. and > do not have any common factor ‘other 


_ than 1> (unless. a= 0.). - . . me 
“ . x _— 7 . v3 


numbers that can be represented . 


at & and od aoe integers such that. 
1 


In this Way, 3 > s o> se are considered to be in the same 


“equivalence” class; = 


2 ; é, vee in another — class; 


7 -s Cd 


=. E ; 3, sox. 20 sti 1 another class; and so.on. Corresponding 


2 3 
_ to the equivalence of : ; § > as is the equivalence ‘of the a 2 ; 
statements — 
3xxe2,  6xx=h, 9xx26, aie: % 


oe 


- So, instead of defining the equivalence classes via the number ‘line, i 
the concept also.can be approached via equivalent ‘statements, Either. 


way, 2 ; - ; 7 sae” ‘would be classified vogennery* Our approach 
by the number line is the more intuitive ‘oercesh in accord with the 


presentation to the students... 


‘ is oO gist 


There is another ‘kind of identification that we might tite pet by ; 
the number line, Tt is that "the rational numbers : 7 Ss - é = i 
mx 3 


may be identified with the Integer m,if m is an- 


x 


integer. From’ this viewpoint, tie set of rational, numbers may be 

regarded ag an extension of the set of. integers. ‘We can observe that . 

in the set of rationals, all the properties that we have identified that 

hola for the integers stfll hold. . Furthermore, another property is 

gained -- _one that paratielethy-Frorerty on inverses under addition: 
Vien. 


“for each rational number 3 that is different 
Pp 


% from 0. » there is an inverse q such that { : 
= x ie z. (with the identification, + =il as a. 
For sepia, 2x3-243-2-4. 4 
2 , 330 . | . 
a l 54 ; a. 


ret 
« 


» - 


y 


A 
init 
a 
a@ 
or. 
ee” 
aoe 
~ 
’ 
: 


‘ : a Le 
e =. & 2 . » 

; “With extension on top ‘of; extension, we*see an energing structurd> 

= _ of. the nambers as characterized by the Properties: Each set of numbers, 

“together with the operatfims he the properties » form what is called a 

, Rumber system. - : For ¥ rational gumber ee the properties: may a ; 


eS 


listed as follows: ~™ ee ee a» z - 
‘the ee is closed yunder addition ama multiplication, for my 
Se wa : . z 
—_ a ; , 
_exanple, 2y2 isa rational number} . , 


m4 


. ‘ ~yer ie eg . 
a eee are é compitative under additi "and multiplication, 


’ 


ae 
foe 


® 


for. example, 34 +2 3+ 


“the elements are associative under, addition and miltiplication, 


~ for example; Brdegege rp i " 


. a . 7 


there is an Adentity element for addition, for example, “8 


<2 +028; - ne ae . 


’ ae there is an identity element for multiplication, fox, exanple, 
ernerenireemeerre te zs ; p 


AY 


2 72 . ” 
be 2 + we} 0 2 » 
oe | 
/ a 2 . . + ye F 
foy each rational number different from 0 , there is an 


inverse under multiplication, for example, 2x 5 = 13 

: r 

mulutplieation is distributive over addition, for oie 
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Other Extensions a J . a a : a - : 
Other extensions will bbe made*beyond the set of. dations nuitbers, e a 
but these will not be carried out in the first six grades. “The rational = oe 
\ umbers were associated with: points on the’ nuniber ‘Tine As “the ‘rational Cg 
. numb ers have ‘the property of being’ “dense {between any ‘two rabional nutibers A 
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-» . the number ba represents, ‘a rational sumbers However, there are a 
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3 , points on the number line but are not - ratigqnal nuribers. ' = a 


res Mh Re dl 
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_ While we have losses with *the astensions mentioned, the gains 
_ apparently far outweigh the, losses, considering the many, many new 
problems that can be’ solved with ‘each extension. An temper k an’ aspect 

in the. poe of ‘Algebraic extensions consists of determining ‘properties 
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_ through the extensions of the number systems. 
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An appropriate observation to “wake at this time is that in pre- 
senting mathematics as a structured discipline, the’ student is guided 
Thus, with the student's 
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eS ae ee ‘ b* in order to ae Sure that * n te. as large as 1X. can be. . 
a if . r= b a the quotient, would be. one. more than n; 
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bee FO = 4 _ with or without a remainder. a oe ee . 
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* Mathematical berms and -expressfons are frequently used with aitferent 
= meanings and connotations in the diffetent flelds or levels. of mathenatae. 
The Pollowing gziossary explains some OF, the mathen tical’ words and phrases 

. i as they are used “in this book and in “the K-3 ang These are ‘not intended. . ae ¢ 
ae bo ‘be Pomra: definitions. More explanations, as well as figures and > 7 


examples, may be found in the vdok. 
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ADDEND. If 2 is the sumof 2 and 6, then 2 and 6 -are each 
aa an addend of 3, . eH co ; we 


‘ S28 . : . ’ 


appriton. | An operation on two numbers to obthin a thika number called 


ry 


sk “their sum, . . 


: ‘ALGORETHM. A numecical a expression of a computation using properties or . 
a 7 > + addition ore and characteristics of a system of 


oe #3 numeration to determine the standard name for a =e difference, ? 
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“product, OY ane : » a 


. : ANGLE. “The union of es rays Winch have.the same 2 endpoint ‘put which 
mS do not lie in the same line. . a pa eS 


AS MANY AS; AS MANY MEMBERS AS. If two eae are equivalent, then one 
“set is said to have as many memb ers as ne other: =e , 
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ARRAY. An orderly. arrangement of rows and columns which may be used . * 
BB A physical model to aca niche multiplication of whole. numbers. 
: rf 
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"Por example, 
.a y : . ane 
column . rie 


» 3 3x > 7 } 3x h : 
a a . . : a 42x a 
: . for 8 oe 
A rectangular array is implied by ARRAY. unless otherwise specified.. 
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: ASSOCIATIVE PROPERTY OF ADDITION. mek. three numbers are  agada in a given | 
es _ order, the sum is independent or the grouping. That is, for any three 
er numbers, 8, b, and c;- ° ; a a a 
” w , . ; Fi io z . . : . a . -_ . a { 
- 22 . (a+b) + = a+ (b %Qo), . = 
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* ASSOCIATIVE PROPERTY OF MULTIPLICATION, Whén three numbers. ‘are multiplied * 
16 a given order, the product, is ‘independent of the grouping. nat 
' isy for any three numbers a, b, and c, 
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_ BASE (of a , geometric figure). A particula® side or. face ‘of a geometric soa 


‘ figure. For example, the base of a parallelogram is one of the 
: sides; the base of a square pyramid is the Face that is the square - 
_ region, : a. 


a 
< . 


BASE (of. & numeration system), A baeie “number in terms of which we affect 


groupings within the system. | me the. base of a decimal i laced . - : 
us and two is the base of a binary system, — Swed 
“BASIC FACTS (addition, miltiplication, subtraction, division), beste . 


“addition and waltiplication facta are sentences which express two 
names for the sums and products of all ordered pairs of whole. ‘ 

o ~ 4 nowb ere less than 10, . One name expresaes the sum or product, 
using the. ordered pair, Thé other name> expresses the sum or ; ; 
“product, using? the standard name,’ ‘For example, 2+4=6 is 


= ae 3 : a basic addition PaChE 3.x k = 12 is a basic multiplication taohs 
i Basic subtraction and division facts express the ‘differences ‘and 
. _ quotients for any ordered pairs of whole numbers ‘a and b, oe ane A 
such that a-be=c if c +b =a. and atbs=c, such that ‘q 


.@Xb-=a, where'd and c are both whole numbers less than 10. 
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BETWEEN. If @ curve mpsses through three points "A, 8, and Cy 
ra . 7 & oy ae . Nae i 


then B is between A and C, ae a curve. ie n&t specified, - 
1% is ‘understood ythat. the. cugve Is a line or a ‘segment through - 

the poikts, a Ls * a 
It for three. tiumbers a, b, and c, acb. and: ne ey then | . 
b>? is detyren & ‘and .c, 7 
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CARTESIAN PRODUCT. If, for two giver sets, As = i. b, c} and 
B= (i, 2), then the’ Caxtesian product (product set) of . a 


a B is expressed as” , . “. _ . 


re 


AXB = Ua, 1); is 2), (0, ii; (, 2), Ce; yy (as 2)}. 


. CIRCLE. The set of all points iQ & plane which are the same distance. ‘@ SJ 
froma Bhyen point. Alternatively, a circle is a simple closed *~ a 
_curve. having | a point 0 in its interics such that, if A and | } 
Bare any two points of, the circle, OA is congruent to. ob. 


CLOSED CURVE. A curve whose starting and endpoints are the same. 


e 3 


8 COLUMN. See ARRAYS “ee a, 


aS 


* ~ GoMPLEMEIT oF ASER. “See REMAINING SER ar 


- CONGRUNNEE, The relationship betwéen t two geometric figures wich ee 


. 


% 
COMMUTATIVE PROPERTY Or ADDITION, - When two nunbers are added, their : vo: 
- sum is independent,of the order of the addends, For any two 
¥ numbers a and bv, arb=b+a 7 8 ie le 


_ COMMUTATIVE PROPERTY OF MULTIPLICATION, When two nuubers are e multiplied a ; ee 
thelr product is independent of the order of the factors. _ For amy : a : 
_two.numbers a and b, aXb=bxXa Bee ese ee Pes a 


. axaetiy ‘the same size and shape, ane - ee. Me 


‘ - ; : ; oe . ne ? .. ‘ . . ae 
ee - BAG R a 2 ee 


* convex FOLYGON, A polygon is said. to ie: convex if the segment determined Og 
* by eny two interior points’ lies eG in the interior.* a % : 9 282 
aoe, mr nT Pe ee , 
° ° ? ; ° ‘\ — ~ . » ‘ > 3 
‘ x . . : * . =“ ® ; - . >?” te, . Hae 
a The polygon below is not convex. It is said:to be concave. * - v a 
- | a , ; nn a —_— 
s : F ? 
Yr . . 
. 5 ys 


’ CONVEX SEP. A set t is.s aid to be convex ifia stement acberminea — any 
~ Sbwo en of ‘the set lies entirely in the set. 
COORDINATE. The name of a point on the ‘number line, 


ae . . + 4 


oa COUNTING. “Thgepairing of objects ‘kn a set with the numerals in ‘the 


. . ? 


= equivalent baie Bete “ ; m ” 


- couNrzne NUMBERS. " Meubers of. (1, 2, 3, 4, see} that is, the whole 
wie cee numbers with the exception OF Os, "2. 5 , 


CURVE. A curve is a set ,of points foligwed int going from one point po. 
to another. . . 


x 
w . . ‘ 


7 . me 
if DENOAERRATOR, The second member of the ordered ae of whole numbers “ae th 
hg * associated with a fraction” It is*the number (nonzero) of congruent 
; parts. r equival ent subsets into which a unit has. been divided, 


DIFFERENCE, The number which Ls. assigned - to" an ordered pair of numbers —— 
MoS. oS under” subtraction, . 4 is the. difference. of 6 ana 2. 
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DIGIT. Any one of the romereia in hiss, set (6; 25 2, 3, A, 5, 6, 1h 8, ee 


a 


7 DISJOINP SETS. two or more sets which have. no members jn common, 


awn _ DISTRIBUETVE PROFERIY. OF MULETELICATTON OVER. ADDITION. ae joint. property 
‘of multiplication and addition, For any three numbers & ‘Dy “s 


: g oe “ye . ¥ " : a a oan * ms , : ~ Se 

’ . . and cy then , ; os 

. = i = * Y oy s Paar ; 

rary € < . “we a : ceo See oe 


a a an cg oe cx (bre) © (a xb) + (exe), 
DIVaSTON. An operation on two muabers, 38 and “db, ‘euch that ay >. 2~n 
, if eng only if nxb-= ™ 
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EDGE. The interseption of two eoiaehar regions ick are faces’ of the ~ ‘ 


suet are ota Sol sh where two Paces meet is an edge: of the. solid. 
For cylinders and cones, the boundary. of a ‘face is an edge. * 


Bert SET. The get which has no  weabeees , hs if ’ 
} THe : . 


* . EQUAL. A&B ogee that A and‘B are names fo the same thing. , _— 
. . For exam] e7 5 - 2 = 3 expresses two nenies for the difference ae eB . : 
et 7 of 5 and of also Q, A= B if A,..and B are. sets consisting 


of the same members. 7 os 


EQUATION. A sentence which expresses an equality. Open number sentences . 
are called equations if 9 verb is "equals", or "is equal to”. ° _ 7 


EQUIVALENT. “Pwo or ‘more sets arf sald to be equivalent. ir their members 


E : can be put: into & one-to-tne correspondence; that is, each element he es 
° of A is paired with exactly one element ‘of B and no element of ° 
=&B is lett unpaired. : pe eo, . #5 a 
~ EVEN NUMBER, An integer which cart be expressed ‘as 2 x n ‘where n- ‘is 
“7 an integer, “ - Ue : | | 
‘ = ae . ays . ni ; : » on 
EXPANDED FORM. “The cameras sie writen ag r | 
. (5 x 1 Y 10) +e(3 % 10) + (2x 1) | 
on oe or as,” 500 + 30 +2. Ss ; om «ee we | 
‘is sald to Be written in expanded form. 3 a. = | . 
EXTERTOR (oursinE)” OF A STNELE CLOSED PLANE CURVE, the subset of the 
> plane which, excludes both. the simple closed curve ang the subset -. . 
or the plane. enclosed by the epeene geometric Figures. > —_ ee ; . ae 
' EXTERIOR (ounerDeE) OF A SIMPLE CLOSED SURFACE, “The subset of points in ey * 
apace which exclides both the simple closed surface. and the subset ae |e 
_. Ss f points-enclosed by the surface, ~ |" 2: | a ee Bs 
- 5 . . OF & 
| "FACTOR, If 10 is the product of "2 and 5, then’? and 3 are - °° - PZ 
both factors of. * , ms : ; : 7 ‘ . : 
SH . » ee NX, , : % a. , a 
we i 7 ; i * Y a . £ . - ‘ 2 ar 
. _ : a © 351 : : : Me ‘ i a 


a a Sa roe 2. eS 
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e 


> 


e 


| FEWER THAN; PEYER (MEMBERS) THAN. Tf, in pairing fe elenents-of A with - 


those of - B, where vis an element of B° which is. not paired with 
- . any element of A, then A has fever netbers than B. 
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FINITE SET. A set tey finite if there isa wnole number that will: answer 
the question, “How many elements are there in the set?" 


“The notation [0, 1, 2, 3, 4, 5, 6} a set of the. 


first seven whole numbers, a finite Sets. 


od 


“FRACTION. “The numeral of the form = where » is. not equal to 0. 


‘> . 2 . . 2 


.GREATER THAN. Associated with the relation "has more meubers thay" 


°° foy sets is the ‘relation "is greater than" for numbers, . For 


example, Ng > 8" is read ¥9 is greater than o% For any 
- two aumvers a and b, adv, if a+b is a positive. number. - 


P . 


* . ne ; . . . ‘ % ¥ 


HEXAGON, A polygon with six sides. — 2 a . ; . ae eek ; 


* TDENETTY ELEMENT. The number 0 is the identity element for addition 
because the sum of. 0 and any “— quuber is the oe number ; 


that is, O + a's a, t ‘ a 
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The number lL ‘is the identity element for multiplication because 
the product | of 1 ‘and any given number is the given pe a 
‘that, is, lxXaza.. 


ay) ag y 


IDENTITY PROPERTY, The oer. which states that Sere is an dent ey 
5 element under a particular operation. ; _ + 


a > r 


Be 


-ENPINGTE SET. TA set is infinite” if, there fs no whole umber ‘biat wa ait 


answer the question, "How meny elements: are there?" 


we The notation {0, 1, 2 3, h, 5,.6, ) aedBhines the set of whole: 


“nUMp EFS », an: infinite set.” *, i “a, oe 
TOR * here) OF A SIMPLE ‘CLOBED PLANE CURVE. The aupuee of the - 
. plate snelosed by the simple ‘closed curve, : y \ 
: : x. oy 7 z AM 
. 352. 
; . yy ’ 44 
7 —s 3 oe, 
: @ +B. 2 ae 
i i re? | en eee 
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a . 2 oF _ | Po or e 
_ . ANTERIOR OF A SIMPLE CLOSED. SURFAGE. Tre subset of Points enclosed - . 
“by the simple a surface, — e : . Ne ‘ 


INTERSECTION, “the set of. points cormon to two or more sets of Aims. 


_ TWERSE: QpomNne AND UNDOING): OPERATIONS. “Two operations pO that one “i, 


“undoés” what the other ore "does". Por exemple, pubting one . : ; 
; ¥ ane : jacket, and taking it off are inverse Sperationss. 2 Pe of ; . . 
a ‘ ‘ * ‘ 

= . & * J ; s = * 

« ‘ | : _ . -? : hs : a, , - : ) 


JOIN; UNION. the” “urtion of two disjoint dete to oe a thira set, 


Yy . if x, * 
bs whose members sare all the elements in each, of the two sets, , 

. oe For cxamRe, a ae. ‘ ‘ | _ oe f : 

z os . ; , m . , al _ a ‘ . : 

i“ if A = {red, blue, green}, and B= (white, orange], 


—_ then: A B = {rea, blue, green, white, orange}. ‘eo eo i 
- . : . . ; . “i . Z - : é 


“LENGTH. The common property of congruent ghanentes:* We approstuate , 2 


£ 


Lerigth by’ measurenent or comparison with specified unit seguents,, 
in thé Length. approximates hy the. measurement ? aie < ie 
the’ measure and the unit ‘is the mile, | : 


< 
LESS THAN, Associa ed with the relation "has. “fewer nenbers than" for 
... > 8@b8, is’ the velation "is less than" for numbers. For example, — 


7 "2<¢5" is read "2 is less than 5". For any two numbers: a ~ e ie 
# and b, acd ig ob -a is a positive number, . . 


LINE. A’line is onceived of asthe’ unlimibed _extefision of a le eae aa 
Seemens a i airections, ‘ 


ws 


LINE SEGMENT, A. special case ‘of. the curves between ne points. Tt may 
be represented by a string stretched tantly between its two endpoints. 


LINEAR SCALE. # scale is a nutber Line with the > Begnerit from 0 os tae 


x 
See ae ee mate Se pT et ne a mn 


: . “congruent ‘to the unit being ‘used, uae ws ee ee 
wv . . if . 7 LON i - a . 
& © ie . we ‘ 3 : * . 


¥he 


we 


? \ ‘ ‘ . ‘ f : 
yy = i Se = 
: : . 
x “8 - p , .. Nw g : es 2 
ao  « go . re ee 2. , 
> a . < > , ‘ > _ . Se ey >. “a 
2 MATCH... ‘Two sets match if their members can be put in one ery e a 
2 ee ae a " . :" 
a a MEASURE. .A number assigned to a geometric figure indicating its size 


_ (lerigth, area, volume, time, etc.) with respect to a specific 
unit, For xemple, the 'measure in, inches of AB is 3 


vy? 
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° : : Le ONS . Be oe : ‘ 
3 2 wy 4 wo8 . : ~ 
Ro * 


7 . . i 7 . 4 — : } 7 
Ss MEMBER. lof a ‘set)e7 An object ina sete ae es oe 
em ne MISSING ADDEND. 7 is the sum of 2 and. n, then n is the - 
: hag missing vn us : : : > 
oe MISSING FACTOR. “If 10 is the product of 2 and By hien cy es, 
| .* the missing ‘factor. i " e ng 
) ‘MORE ( wevaErs) THAN, If, in pairing the eletfents of A with those 
Ye Of B, ‘there is at jeast one mewber of B ‘which is not paired - 
with any “element oF A, then = ‘has more eeabere sthan A. e. 
: » : oa cs jc a 
Ze MULTIPLICATION. . , An Operetion on two numbers to obtain a third number. ae ee 
called their product. : = ~ 2 , 
aw’ » . . . ‘ . ; 
a8 ‘ . : . N a as y as » 
q Ps . ; . : ’ 7 . * : : . 4 _ 
; NATURAL NUMBERS. )See COUNTING NUNBERS. ” oe 


{ ; 
, OR . NEGATIVE NUNBER. Any number that is less than 0, 


NUMBER LINE... A Line marked off & intervals. congruent to a chosen. unit. 
Segment ‘such Leia “there is a’ starting, point”: “pascciated with the — - 


“me Aaker 05. the endpoint of successive intervals are: Labeled according 
mit ; aan to the, counting. number's in their natural order. ; - . 
ts game sso) OF A-SBE, The nunber of elements in the set, he nuiber 
( . ia ° 2 property, of A is written Ma) , wheye A isa set.” sy i i 
eo _ NUMERAL, A ame for a number. a : ; 7 ‘ a. hs 
Se xe 2 ‘= ee ae 
ow... NUMBRATTON SYSTEM, - A syatem” for “naming numbers.’ ‘The ne pumere aysten eee 
as se ar " » * * 
~ and ‘the decimal fystem are: systems of “numeration, : ~ 
vat * . ; Sy ( “* ts . " 
. *s. Pa 
* a % x “ 
. | n,n 
* ~ _ . *. 8 
7 % _ «el 3 ts 
x ‘3 
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_, NUNERATOR. _ The Pirst alee of the ordered pair’ of e wibLegunbers \ 
‘associated with a fraction. Tt is the nuniper, of congruent parts ; . 
SF yequivallent subsets being considered. ~~ MP " 


. ae ce : ‘ ; + 


. F o 


ODD > tains, An Integer ‘which cannot be’ expressed ap 2 * Ay whee 


., . 
Sos Re 


oe vn isan integer. i : : - net oo. { 
. ONE-TO-ONE (CORRESEONDENCE. A paielue betveen two sets A and .B, ‘ 
ie which associates with each element of A a sing ement of B; 
. and with each element of B.a single element of - 4 ~ 
"os JOFERATLON. The association of a thira nutiber with an ordered pair of eee eee: | io 
_ numbers is a Binary. -operation,! For example, in the opération of = oC 
‘+ * - addition, the number 7 is associated with the pair, of numbers: Wa x 
ae is ee as : ; Ve 7 - : i, Bone 2 
In general, an operation is the association of a unique element, us ae 
to each element of a given’ set, or, to each seabination of etenaite > : oi - 
one from each: of the etyen sets. = s " ‘ ~~ 
eo8 < 
‘ORDER. ° A property of a set of hunbers ,which pernite one - to say Whether’. . 7 . , 
, . 7 % < 
8 ‘ds less than by greater than dy or equal to b, owherg a SL Sn 
7 a ‘and b ‘are. ‘members . of the set. > : yt ae 
i : aa ro — ° ‘ . : 
‘ P. oO Bang . 7 : - ‘ 
* "PAIRING. A correspondence Orpen an element of a set and an ee \ is, 
of another rain . 2 a8 * : 
PARTITION, See PARTLYTONING. es , es oe ee 


PARTITIONING. Partitioning a ‘finite set means separating | the set into 
disjoint subsets: 50 “at the unjon of. the BUA is the oe eet 


~ 


rererwebersanerencene ac oeererwenareerens neereeerreny 
. 


yh Ss “need not. be disjoint. be) vever, any y vo “subsets hile. at most the 


points ‘of separation in conn 


‘the separation is the oe 


» 
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_ PENTAGON. A potygon with five sides, , 


> 


we S ry ® +, 
“0 a a a es es 
¥ : +S . 
OE Ie. % a se . * = . a ae . 
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* ERIC 


REANE. A ‘particular ae of points which can be thought “of as the “: 


Te, FLANE REGION. © The upion of” a simple closed plane curve” and its interior. 


.a 
"RATIONAL NUMBER. A number hich’ may be expressed as 5 or’ - =, 


‘RAY. Ray AB is the union of ‘Segment AB “and all eiesual C ‘such 


| t 7 . ; me 
PLACE VALUE... A-value given to a certain postion in a numeral. Thus; - ‘ : 
the placé~assigns sone digit ‘2 ‘in 235 «thé Value 200, CSC, ” a 


extension of a flat surface, such as tre surface of a teble, 


= 3 


POLYGON. A Simple closed curve which is the union of three or more 


. 
SY 


Line segments. “. ‘e & * 
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PRODUCT. The third pumber: associated with an ordered pair ae numbers» 
by mltiplication. For. exanple, 8 ‘is the product of 2 and he 


PRODUCT SET. See ‘CARTRSBAN PRODUCT. 


Q rr a er. 


. nS : . . C t , ' 
cay . \ ) J Z « 
QUADRILATERAL» A polygoh with four sides. go oo 2 ; 
° s . r 
QUOTIENT. The thitd number associated with ‘an ordered pair of. mimbers — 


by @ivisicn, For example, 12 is the quotient of 48 ana 4, 
. =" . = | . | . 7 x ; 
, \, R a , oO og ae 
\ . ; ye 
Q yk . » es : oss 


ci) 
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RATIO. A relationship between an ordered pair of numbers 8 a b 


‘where > PD. The ratio. may be expressed by a:b or by. 6 


wheren a and. “by are whole number's with bd # 0. . 
a Y an 


“that B ‘is between A ‘and C. 


RECTANGLE, A ‘quadrilatere], with four right angles. : ¥ we 


REGION, See PLANE RUGTON "AND SOLID REGION, = a os ee 


REMAINDER; REWAINDER-SET, © See REMAINING SET. 


REMAINING SEP; REMAINDER (SER). If B is a subsetsgt © * Ayal menbere Se 


of A which are not members ‘of B axe members of the remaining or 
remainder set, The complement of B_ relative to A is the 
‘remaining set. et . —— : 7 _ ; , 
* . = . as @, . . os = - 
RENAMING. Using another name for the same number. For example, 34° 
can be benamed.as 30+ 4, 20+14, 2X17, and so on. : 


woo oS 2s : DY Roe a 


oo a ‘ Fy * + we sos sy eke 
we, a : yg 


PY » 
—_— 4 a % 3 . * . x 7 : Ge: a : . - 
‘ ? SS y _ _ ‘ 
ee RIGH? dvete, One of two congruént aggias determined oe a line and a 7 5 ee 
-% — ray having a point in the line as endpoint. 3 : X , = On , 
ROUND. A shape witch’ has no corners or sites, ° — —~ - a 
. ROW, Soe ARRAY, _ . a 3 . > 7 » 8 : y 
Se RULER, | A straightedge on ante a ‘beale using a stanaacd unit —a ; _? : . 
i ‘been marked. - a re ae” 
: ee x . > 
. re 
8 : yg eS oo» @ ge 3 = | 
SCALE. Sec LINEAR SCALE. ‘ 3 ce © = 
SEGMENT, See LINE SEGMENT, a s . " 
* SHNTENCE. - As statement, such as "9 +5 = 4" isa number’ sentences 
mo it, connects sets of numerical ‘and operational meee showing» : ; 
a8 relation between the Bets of symbols. Examples of symbols 
relating the sets are: =, -<¢, and >. These sytbols:act | BR FY ee 
-_ : oe are oS 
as. verbs in the sentences, ae Boe 4 : : 2 
ia , . ‘ . ; : 4 % 
STDE, A-segment of a polygon that is contained - ‘ ; 
“in no ségment of the polygon other than * « 
itself. For example, 4B, BC, OD, ana 7 
. DA, ave sides of the quadrilateral a 
3 : Ye. 
- illustrated at the right, : : 
. SIMPLE CLOSED CURVE, A icse purve which does not intersect. itself. 
. gOLID. A pecenrte figure that is not) a BuSED of any one plane, | 
SOLED REGION. The union of a Simple eosea ‘surface and its interior, -. 
- “SQUARE, A rectangle vnose sides ‘are. congruent, ; ‘. we 
“STANDARD SET, _ One Of the sets of ordered iecaie’ sucks as (1, 2,. 3, Ay : ena 
* STANDARD UNIT. A stendara unit is a unit or measure seeteanas agreed 9 
——_ “pon or-accepted-as-e “standard. ~“Bramptes ares Inch) as gran. oo 
£ ssi Given tvo sets A and B, 2B “is a subset of A if ‘every _ oat ee 
na menb er of B is also a menber of A. re ie sae 
* c ° ; . , bs 5 
* ~‘’ “ 4 a aah 
: . a » . a io * y Bees 
a _ » 7 : ° ae 


> 1 - bad “ cal wv 
> 7 m~, = - : ve ™ o E 
¥ fr = . . a a P ee “ 
Sos 12% _ = : . as : 
. aa : 2 : : ‘ : re 3 = ’ » : 
a SUBRACIION. An operation on, ‘two numbers . a “and b to obtaina .. a 
= _— third number ny, ‘call ed the difference suck that a - ee n° ya? 
ro ¥ . mi Z 2 ; y . — bane . 
2?" aes | . ty ~~ 3 “we. £ 
SUM. — third number associated, with an orgeted pair of" “qunBers by . 
“Badition.? For example, § is the sum of 2 ‘and “he . we 
° w * iJ % ‘ i 
Y 8 _— . oo : — 
a TIMES, ‘The word associated with x to ‘indicate the operation, | pie 
multiplication. . 2 ( ae 
- | - i nels ' 
“TRIANGLE, A polygon with three sides. : ’. ‘ 
; | io oy . > t . - . vu re . | . | . é : : ; : 
e ~° UNION. “the operation that associates with two sets, a third set : = i 
oo consisting: of all the members .in each of two sets. For examplt, : 
me 2 
4 a . = , ae 
v8 » GP As (red, thie, green, white, yellow} and . a 
rn 7 , 7 B= {eiue, white, orange}, ge % ; 7 . 
: oy 4 then A AU. Be (rea, blue, green,“ white, qoitey orange) _2 
. me on a << » ; ; .. ae : 
; rd UNIT. . A ‘prototype from ie ca measure is ‘obtained by -comparison. 4 eae 
_ For example, the unit*in measuring “Length. is a segment the unit) 
_ for area, - ‘is a square Pegton. - Ss , , eee 
: Los - >| z a - 
VERTEX.OF AN ANGLE. The commen endpoint of its two rays. — ‘ 
VERTEX, A.POLYGON.’ If two sides have a point in te then this ; _ a. : 
, common point is a vertex. The Zura of vertex is vertices. gna 
.. VERTEX. OP A PRISM OR PYRAMID. If three or more edges ‘have & point ‘in, ‘ 
as oF “common, then the. ‘common point. is a vertex, . oo. . a 
* ‘ ; e . J W " . et S i 
7 WHOLE ‘NUMBER. The: property common to a net of equivalent sets, - , * -" 
. . Members of 10, iy 3, 3 s8ede Ly 
a . 358 a , ~~ \ 4 4 
. e _o - ae 
: » gt 
ae —_ : : 2 
“danas . 7 : 
s ) _ 2 _ 4 q dey , x 
ENC us . a ~ ei é : a 


